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Abstract
Haptic applications often employ devices with many degrees of freedom in or-
der to allow the user to have natural movement during human-machine interaction.
From the development point of view, the complexity in mechanical dynamics im-
poses a lot of challenges in modelling the behaviour of the device. Traditional system
identification methods for nonlinear systems are often computationally expensive.
Moreover, current research on using neural network approaches disconnect the phys-
ical device dynamics with the identification process. This thesis proposes a different
approach to system identification of complex haptic devices when analytical models
are formulated. It organizes the unknowns to be identified based on the governing
dynamic equations of the device and reduces the cost of computation. All the exper-
imental work is done with the Freedom 6S, a haptic device with input and feedback
in positions and velocities for all 6 degrees of freedom .
Once a symbolic model is developed, a subset of the overall dynamic equations
describing selected joint(s) of the haptic robot can be obtained. The advantage of
being able to describe the selected joint(s) is that when other non-selected joints
are physically fixed or locked up, it mathematically simplifies the subset dynamic
equation. Hence, a reduced set of unknowns (e.g. mass, centroid location, inertia,
friction, etc) resulting from the simplified subset equation describes the dynamic
of the selected joint(s) at a given mechanical orientation of the robot. By study-
ing the subset equations describing the joints, a locking sequence of joints can be
determined to minimize the number of unknowns to be determined at a time. All
the unknowns of the system can be systematically determined by locking selected
joint(s) of the device following this locking sequence. Two system identification
methods are proposed: Method of Isolated Joint and Method of Coupling Joints.
Simulation results confirm that the latter approach is able to successfully identify the
system unknowns of Freedom 6S. Both open-loop experimental tests and close-loop
verification comparison between the measured and simulated results are presented.
Once the haptic device is modelled, fuzzy logic is used to address chattering
phenomenon common to strong virtual effects. In this work, a virtual wall is used
to demonstrate this approach. The fuzzy controller design is discussed and experi-
mental comparison between the performance of using a proportional-derivative gain
controller and the designed fuzzy controller is presented. The fuzzy controller is able
iii
to outperform the traditional controller, eliminating the need for hardware upgrades
for improved haptic performance. Summary of results and conclusions are included
along with suggested future work to be done.
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With an increasing number of applications on haptic robotics emerging in the fields
of medicine, aviation, defense and education [1], it pushes the need for advancing
the research on these devices. Whether the research is related to designing con-
trol schemes or implementing teleoperation, a good physical dynamic model of the
haptic device is essential. This thesis provides some new modelling and system
identification methods that would help to achieve that goal.
In addition to the modelling of haptic devices, the thesis also examines the spe-
cific haptic effects of virtual wall contact. In the world of virtual reality, simulating
the contact of a solid wall is difficult due to the presence of chattering effects. These
effects ultimately impair the user’s sensation of a hard surface when using a haptic
device. This thesis explores the possibility of improving the modelling of a virtual
wall to provide a realistic perception for the user using a fuzzy logic approach.
1.1 What is Haptics
The word “haptics”, originated from the Greek word “haptikos”, means “of or re-
lating to or proceeding from the sense of touch” [2]. Physiologically, the sense of
touch is established at the primary sensory cortex of the brain by processing infor-
mation received from mechanoreceptors populated throughout the skin [3]. Through
this information processing, we are able to feel pressure and are able to distinguish
different texture and movement.
We heavily depend on the sense of touch to efficiently complete our everyday
1
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tasks such as typing keyboards, playing instruments, steering vehicles, writing, etc.
Without the sense of touch, it increases the difficulty in completing many tasks
tremendously. It is easy to imagine how challenging it is to adjust the ski goggle
straps when the hands are frozen in the cold.
With advancement in technology, the concept of haptics can be added to many
digital applications to improve efficiency of task-handling. This is accomplished by
using haptic devices, which are capable of giving force feedback, to interface with a
computer. Through instructions from software, the computer is able to send signals
to control the force exerted by the haptic device. The user can then use the device
to feel virtual objects from the commanded force.
1.2 Motivation
The two topics discussed in this thesis are motivated by existing applications. The
first topic is driven by the challenges involved with doing system identification on
robots with a high number of degrees-of-freedom (DOF) coupled with nonlinear
friction characteristics. In some cases, haptic devices are simple enough that a
basic transfer function can be used based on linear approximation [4]. However, the
simplification might not be accurate enough to capture all the dynamic behaviours
of the system outside of a certain operating point. The most general approach for
modelling haptic devices is done by designers who have knowledge of the physical
parameters [5], [6] and these data are used to form the general dynamic equations
of the system. Our modelling approach addresses complex systems that cannot be
modelled by linear approximation and it is able to model dynamics with unknown
physical parameters.
Once a model is derived, the difficulty in simulating a realistic solid wall contact
using the virtual wall implementation is investigated. Vibration phenomenon often
results as the user tries to interact with the virtual wall. This thesis takes a different
approach than the traditional methods in the modelling of virtual wall to improve




In the first part of the thesis, the dynamic modelling of a 6 DOF haptic device, the
Freedom 6S1, is studied. The front and back views of the Freedom 6S are displayed
in Figures 1.1 and 1.2. It has three direct-drive motors controlling the translational
motion of the base links. The roll-pitch-yaw motion is provided by the wrist joints
and the torque transmissions are done by tendons and pulleys actuated by three
additional motors. It is difficult to disassemble the device and no precise physical
parameters (e.g. mass, inertia, centroid location) are available. In addition to these
unknowns, the friction effect in each joint has to be accounted for. As a result, the
number of unknown system parameters is further increased.
Figure 1.1: Front view of Freedom 6S.
1Manufactured by MPB Technologies Inc., Montreal, Quebec. www.mpb-technologies.ca
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Figure 1.2: Back view of Freedom 6S.
With so many unknown parameters, it is advantageous to organize and to have
a systematic methodology to identify parameters in an iterative fashion. For ex-
ample, it may be possible to reduce the number of parameters by decoupling the
wrist joints from the base joints. However, this approach still presents many un-
knowns to be solved at each step. This thesis proposes two non-conventional system
identification techniques to isolate the unknown parameters joint(s) in an iterative
fashion. Mathematically, only the dynamic equations of the joints of interest are
required for system identification. Physically, joint isolation can be done by locking
the non-relevant joints in place. Through this arrangement, only the unknown pa-
rameters of the dynamics of specified joint(s) are affecting the system response. By
determining the parameters that affect each locked joint’s configuration, a sequence
Introduction 5
of which joints to lock can be established to solve for the unknown parameters iter-
atively. Hence, the number of parameters required for identification at any iteration
is reduced dramatically.
The second part of the thesis investigates the potential of minimizing chattering
effects in virtual wall applications using fuzzy logic. The effectiveness of using fuzzy
logic in modelling a virtual wall as compared to using of a PD (Proportional and
Derivative) controller is evaluated. As previously mentioned, the vibration issues
associated with the traditional spring-and-damper model imposes an incorrect per-
ception of a hard surface for the user. Without requiring any change of the existing
data acquisition hardware, a fuzzy logic controller can be designed to minimize the
vibration. Using the Freedom 6S for experimentation, the measured results of us-
ing both the traditional PD method and the fuzzy logic approach are studied and
compared.
1.4 Thesis Outline
Chapter 2 provides some background on haptic robotics and the existing modelling
techniques and challenges associated with these devices. It also includes some in-
formation on the optimization method used in the system identification routine. In
addition to the background on modelling, Chapter 2 also reviews some existing work
and challenges in working with virtual walls using haptic devices. The background
on fuzzy control is reviewed at the end as it is the method proposed for the virtual
wall application to be discussed in the latter part of the thesis.
Chapter 3 covers the formulation of a dynamic model based on kinematic re-
lationships. It also demonstrates how to incorporate other observed effects, such
as friction, into this dynamic model. In Chapter 4, thorough descriptions of the
two proposed system identification techniques, the method of isolated joint and the
method of coupling joints, are outlined. Comparisons between the measured and
simulation data for an open-loop system are also presented in Chapter 4. As a veri-
fication, results from comparing the measured and simulation results in a close-loop
system are also included.
Chapter 5 first provides the descriptions of test setups as well as the details of
the fuzzy controller design. It is then followed by a comparison of measured data
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obtained from using a PD controller and the fuzzy controller. The chapter ends
with some additional findings on the relationship between the user approach speed
and the perception of wall boundary.
Chapter 6 highlights the contributions established by this thesis. Recommenda-





This chapter gives an overview of the haptic device, Freedom 6S, used in the exper-
imental work. It also gives a summary of the existing system identification methods
and the background of the optimization routine used for identification in this thesis.
Later on in the chapter, work that has been done in simulating solid wall contact
with haptic devices, along with some basic background in fuzzy logic will be outlined.
2.1 Research in Haptics
The early research in the field of haptics was done by Kennedy [7] who described
a range of haptics (e.g. touch, sensation, etc). The idea of sense of touch was
introduced to the world of technology starting in the late 1980’s in hope of improving
an operator’s ability to complete a task more effectively via an haptic interface.
Numerous studies established that the addition of haptics effects is useful for many
applications involving interaction between human operators and manipulators [8],
[9], [10], [11]. For example, tactile sensing is particularly advantageous for robotic
surgical procedure involving cutting soft tissues. A surgeon can better plan cutting
strategies with the sense of touch because it allows for the detection of features of
the soft tissues to be cut [12].
Many researches relating to the designs of haptic devices/interface have also
evolved. Some devices, such as the Utah-MIT hand [13], mimics closely to the
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human hand, fingers and thumb. Others devices are designed to improve the ef-
ficiency of force-feedback control methods. The parallel manipulators designed by
Merlet [14] have good qualities which facilitate force-feedback control. These include
good position accuracy and good passive compliance behaviour. Another example
of haptic devices designed to assist in force-feedback operation is the five-bar-linkage
force reflecting interface developed by Ching and Wang [15]. The manipulator is
designed to be gravity balanced such that the motor power can be devoted com-
pletely to force-reflecting operation. There are also cable-driven devices, such as
the SPIDAR designed by Hirata and Sato [16], which allows and stops force trans-
mission by braking the cable connected to a finger cap worn by the user. The
most dominating commercialized haptic devices are the PHANTOM devices which
have multiple DOFs and a wide range of force capabilities [17]. These devices are
especially popular with academic researches [18], [19], [20], [21].
Many other researches related to haptics have been published. A lot of work
has been done in studying the different control strategies used for force-reflecting
operations [22], [23], [24], [25], [26]. One of the first force control methods, proposed
by Hogan [27], is the concept of impedance control. Impedance control is used
to govern the relationship between velocity and force [28]. This control strategy
is commonly used in many haptics researches [29], [30], [31]. Raibert and Craig
[32] proposed a hybrid position-force control scheme in which a position control
law is designed along force constrained directions and vice versa. Another widely-
adopted force control scheme is hybrid impedance control proposed by Anderson
and Spong [23]. It combines both impedance and hybrid position/force control into
one strategy.
In addition to haptics research pertaining to control methodologies, issues asso-
ciating with teleoperation are also being researched. Teleoperation is “the remote
manual operation of equipment that is usually not within the direct eyesight of the
operator, yet the operator requires and is provided with sensory information (sight,
sound, accelerations, etc.) for effective manual control”. [2]. One of the known is-
sues is instability caused by time delay. Wang et. al [33] have used proprietary time
delay compensation solution to perform real-time remote handshake using haptics
effects. Other issues related to teleoperation are synchronization and transparency
which have impacts on the efficiency of the operations. In summary, researches ideas
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related to haptics received much attention and the trend is likely to continue as the
sense of touch is being incorporated into more mainstream applications.
2.2 A Haptic Device: The Freedom 6S
Unlike many industrial robots, haptic robots have unique characteristics that make
them suitable for force-reflecting operations. Their desirable characteristics include
back-driveability, low inertia, minimal friction and little backlash [34]. In addition,
haptic devices must be capable of providing a sufficient amount of force for the
desired application.
The Freedom 6S, a force feedback hand controller with 6 DOFs, is designed to
offer some characteristics of a desirable haptic device. Having 6 DOFs, the first
three motors directly drive the base linkages and the last three motors drive the
roll-pitch-yaw orientation of the wrist. There is minimal gearing on the motors
to facilitate effective force transmission. The first and the last three motors are
grounded. This means that they are located at fixed positions and do not move
regardless of joint movements. In particular, the last three motors controlling the
wrist joints are centralized in a fixed housing (see Figures 1.1 and 1.2).
To minimize the inertia of the system, the four motors are designed to be
grounded to remove any reflected motor inertia. The other two motors and the
rest of the structure is designed such that they are statically balanced [35]. In doing
so, no holding torques are required to maintain the device in a static position. This
allows almost all of the torque of the motors to be used for force-reflecting oper-
ations with some of the torque required to move the inertia components. This in
turns provide a higher force transmission to the end effector.
The wrist joints are tendon-driven and the tendons allow for the motors to be
grounded away from the wrist joints. These joints, in general, might pose some
problems for modelling since the friction characteristics change dramatically when
the tendons are constantly under load. Nonetheless, the Freedom 6S is a device
specifically designed for haptic application and it is the robot of interest for the
experimental studies used in this thesis.
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2.3 Modelling and System Identification of Ro-
bots and Haptic Robots
Many different methods of modelling and system identification are employed for
robots and haptic robots. Depending on what information is known and what
accuracy is required, the appropriate technique is chosen. Existing identification
methods used on robots in general are discussed first followed by the methods used
to specifically identify haptic robots.
A general approach is to collect data of different frequency responses and perform
a least squares algorithm on the data to determine the best-fitted transfer functions.
Trautman and Wang [36] employed this method to successfully identify a single
flexible link with a shoulder joint. Another technique often used to identify rigid
robot dynamics is to take advantage of the linearity in parameters. In Spong and
Vidyasagar [28], it is shown that the unknown parameters can be rearranged into
coefficient terms from the nonlinear equations of motion:
D(q)q̈ + C(q, q̇)q̈ + φ(q) = Y (q, q̇, q̈)p = u (2.1)
where D is the inertia matrix, q is the joint position vector, q̈ is the joint acceleration
vector, C is the Christoffel matrix, q̇ is the joint velocity vector, φ is the gravitational
effect matrix, Y is the matrix of known functions, p is the unknown coefficient vector.
By grouping the unknown coefficients in the p vector, least square algorithm
can be applied directly. The shortcoming of this approach is that it is only feasible
for systems with a limited number of unknown coefficients. Otherwise, it can be
computationally expensive.
In many cases, linearizing the model may become the necessary option to de-
crease the computational time required, resulting in compromises in the level of
accuracy. Another approach to system identification of dynamic systems is the use
of neural networks. For systems which are highly nonlinear and do not allow the
unknown parameters to be grouped into a linear coefficient vector, neural networks
and fuzzy logic techniques are used as the alternative solutions. Narendra et al. [37]
applied neural networks to perform system identification in time and frequency do-
mains for nonlinear dynamic systems. Chu et al. [38] implemented a least squares
estimation for both time variant and invariant systems using a Hopfield network.
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Ahmed [39] successfully identified nonlinear dynamics systems by applying a rapid
neural network. In terms of incorporating fuzzy logic to identify nonlinear systems,
Efe et al. [40] employed an adaptive neuro fuzzy inferencing system to identify a 2
DOF direct drive SCARA robot. Gao and Joo [41] used a robust adaptive fuzzy
neural controller to identify and control a two-link robot manipulator. Evidently,
neural networks and fuzzy logics have achieved much success in modelling nonlinear
systems. However, the associated computational cost is still quite high [42], [40] and
a good result is not ensured.
More specifically, the system identification techniques used on haptic robots are
of interest to the thesis. In some instances, system identification is not necessary.
Madill [43], Cauche et al. [5], and Avizzano et al. [6] designed their own force-
feedback devices and hence they had access to the physical parameters . In other
cases, it is common to use linear approximation on simple haptic devices. Ando
et al. [4] used model reference adaptive control on their 6 DOF haptic interface
and modelled the plant transfer function using linear approximation. Bluethmann
et al. [44] analyzed output response from known inputs using least-squares based
estimation algorithm to determine the desired transfer function for the force and
position control of an electrohydraulic manipulator. These approaches are limited
to linear systems and for systems which are linearizeable.
In hope of modelling a nonlinear haptic robot with a lower computational cost,
this thesis proposes a method to systematically identify the unknowns by dividing
the dynamic model into subset equations in such a way that each subset can be
tested physically. This simplification greatly reduces the computational time of
the nonlinear optimization used to determine the unknowns and in the end, the
combined results would determine all the unknowns required to describe the overall
system.
2.4 Optimization
To perform system identification, the unknown parameters must be determined
such that they can best fit the collected data. Nonlinear optimization is used to
minimize the difference between the measured and the simulated values during the
system identification process described in Chapter 4.
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One optimization method is to use a direct search by choosing incremental points
(i.e. values of unknown parameters) to be evaluated by the cost function. The com-
bination of points yielding the lowest cost function value would be the optimized
parameters. This strategy requires the knowledge of upper and lower bounds in
addition to the pre-determined magnitude of the incremental values. However, due
to the large number of unknowns to be identified for the Freedom 6S, it is extremely
computationally expensive and time-consuming. The gradient search method is a
popular optimization method in which it determines the next iterative point by
evaluating the gradient of the cost function. Although the gradient method often
offers fast convergent rate, the implementation requires the cost function to be con-
tinuously differentiable [45]. This requirement also applies to the Bolzano search
method in which the derivative of the cost function is needed and it is evaluated at
the midpoint of a convex interval [46]. To optimize a discrete cost function with a
large number of parameters as described in this thesis, Sequential Quadratic Pro-
gramming (SQP) is implemented via the Matlab’s nonlinear optimization routine.
The general principle is outlined below.
In general, nonlinear optimization problems are approached based on finding the
solution to the Kuhn-Tucker (KT) equations:
5f(x) + ∑mi=1 λi · 5Gi(x) = 0
λi ·Gi(x) = 0 where i=1,...,m
λi ≥ 0 where i=me+1,...,m
where f(x) is the objective function to be minimized; λ is the Lagrange multiplier
which allows for the gradients of the objective function and the active constraints
to sum up to 0; G(x) is the constraints required for the solution; i is the constraint
index; m is the number of constraints; me is the index from which the constraints
are active. Active constraints set the boundaries in which the solution lies.
To solve the KT equations, SQP methods are used and these methods are applied
by first breaking down the original problem into smaller Quadratic Programming
(QP) problem during each iteration. A quadratic approximation of the Lagrangian
function is used to develop a QP subproblem and it takes the form of:





This form allows for the calculation of the Hessian matrix, which is required
to set up the QP subproblem, and the determination of a search direction which
in turns is used to formulate the next iteration of x. The implementation of SQP
is explained in detail in [47]. In this thesis, the optimization is done using the
“fmincon” function in Matlab 1.
2.5 Virtual Wall Contact
In haptic applications, modelling a virtual wall is a necessity in the virtual reality
environment. A common issue is the presence of nonpassive behaviour from the
virtual wall. Passivity can be interpreted as the inability to act as an energy source
[48]. By nonpassive, it means that the virtual wall is capable of generating net
energy when the user is interacting with it and this can lead to instability. The
resulting instability is caused by a combination of factors such as the dynamics of
the device and quantization in position sensing. If the resolution of the position
sensor is low and/or if the sampling rate is not sufficiently fast, the position data is
not accurate and that could lead to incorrect reaction force output by the virtual
wall.
Different approaches have been taken to ensure the passivity of a virtual wall is
preserved for the user. A method proposed by Madill et al. [49] is to estimate the
position and velocity using a nonlinear observer to compensate for the quantization
effect from the sensor. Another technique is to model the virtual wall system using
the concept of “energy leaks”. Goldfarb and Wang [50] simulated the system as
loosing energy by modelling the virtual spring with hysteresis effects. Colgate and
Schenkel [51] used viscous friction as a method to dissipate energy generated by the
wall by relating viscous friction and sampling rate to the stiffness of the virtual wall.
Similarly, Kim and Ryu [52] generated algorithms that restrict the energy generation
of the zero-order-hold by using physical damping. The passivity approach fabricates
a system which is passive to the user. This thesis takes the approach of modelling
the virtual wall as a nonlinear system governed by fuzzy logic based on reasoning
through the sense of touch from the user. It is relatively simple to implement and the
1Matlab is a scientific computation program developed by The Math Works, Inc. See
http://www.mathworks.com for details
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background required for the fuzzy controller design is discussed in the next section.
2.6 Fuzzy Logic
In an attempt to minimize vibrations and chattering effects in virtual wall contact
applications, a fuzzy logic approach is implemented and the details are described
in Chapter 5. This section outlines the existing research on fuzzy controllers and
gives a basic background of fuzzy logic required to understand the development of
the controller discussed later.
2.6.1 Existing Researches on Fuzzy Controllers
Fuzzy logic is ”...the logic underlying approximate, rather than exact, modes of rea-
soning” [53]. It is an area of active research and it has achieved much success in
real world applications. Gao and Joo [41] used a generalized fuzzy neural network
to do nonlinear identification and control on a two-link robot manipulator. Their
adaptive fuzzy neural controller is of a self-organizing fuzzy neural structure with
capabilities to do on-line adaptive learning of uncertainties in nonlinear systems.
Zadeh [54] has also implemented a fuzzy logic controller on a nonlinear system. In
his work, the fuzzy controller is designed to be optimized with multiple objectives.
His work demonstrates the flexibility of fuzzy logic controller for nonlinear systems.
Another capability of fuzzy controllers is that they make good universal approxi-
mators. Galichet and Foulloy [55] illustrated the methodology to build a fuzzy con-
troller from a given linear controller. Their method is capable of ensuring specified
points to belong to a pre-determined control surface by deriving the required rule-
base and membership functions. One advantage of having the ability to map linear
controllers to fuzzy controllers is that it allows for implementation of control strate-
gies beyond the operating points of the linear controller. Ryu and Park [56] adopt
this fact and implemented a hybrid controller resembling a proportional-derivative
and proportional-integral controller to control a flexible finger. Stability issues asso-
ciated with fuzzy controller have been studied by Wang et al. [57]. Their controller
design strategy is to employ the concept of ”parallel distributed compensation” in
which a control rule is derived such that it compensates each rule of a fuzzy system.
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The research involving fuzzy controllers remains active and the implementation of
fuzzy logic on a diverse range of applications is continually proven to be feasible.
2.6.2 Fuzzy Control Systems
Some definitions commonly used in fuzzy logic are given below considering a fuzzy
set A defined over the universe of discourse X with membership functions µA.
Definition: Support The support of a fuzzy set A is the crisp set of all x ∈ X
such that µA(x) ≥ 0.
Definition: Universe of Discourse The range of all possible values for an input
to a fuzzy system [58].
Definition: Membership Function A curve that defines how each point in the
input space is mapped to a membership value in the interval [0,1]. [59].
Definition: Fuzzy Set Any set that allows its members to have different grades
of membership (membership function) in the interval [0,1]. [58].
Definition: Normal Fuzzy Set A fuzzy set, say A, that has at least one element
x ∈ X such that µA(x) = 1 [60].
Definition: Fuzzy Singleton A normal fuzzy set with a single support value [60].
The overall structure of the fuzzy controller can be described by three stages
and a block diagram summarizes the structure graphically in Figure 2.1:
1. Fuzzyify crisp inputs from the real world.
2. Execute the inference process on the fuzzified inputs based on a fuzzy asso-
ciative memory.
3. Defuzzify the output to crisp outputs to be used in the real world.
The three major components of a fuzzy logic inference system are described
in greater detail below pertaining specifically to the construction of a fuzzy logic
controller:
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Figure 2.1: The process flow of a fuzzy logic inference system.
1. Fuzzify the input from physical domain to fuzzy domain.
This can be achieved by normalizing the universe of discourse of the input and
assigning weighing to the inputs in the form of input membership functions.
Figure 2.2 shows an example of input membership functions.
There are five input membership functions labelled in the form of Ali, which
means lth fuzzy set A and ith input. Āli indicates the maximum value of l
th
fuzzy set of input i. For any given input within the universe of discourse,
the membership function values, µ, can be extracted from the relevant fuzzy
sets. Section 5.4 describes the criteria used in the construction of the input
membership functions, making them specific to this research application.
2. Formulate a mathematical rule-base that dictates the relationships between
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Figure 2.2: An example of input membership functions.
the fuzzy input and output sets.
The rule-base that maps input fuzzy sets to output fuzzy sets is called the
fuzzy associative memory (FAM). If the input vector in the physical domain
is x = (x1, ..., xn)
T , then the lth rule of a FAM can be expressed as the general
form:
If x1 is A
l
1 and ... and xn is A
l
n Then y is B
l
where Aln refers to the l
th fuzzy set of input n, y is the output vector y =
(y1, ..., yn)
T in the physical domain, Bl is the lth output fuzzy set.
The rule verbally describes the rule that if the input(s) belong(s) to the spec-
ified fuzzy input set(s), then the physical output is in a specified fuzzy output
set. To translate the verbal rule to mathematical form, output membership
functions are required to relate to the fuzzy inputs. The criteria used for the
construction of the output membership functions are described in Section 5.4.
3. Defuzzify the fuzzy output to an output in the physical domain.
Let the lth output fuzzy set be Bl and the output membership functions are
fuzzy singletons such that
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µBl(x̂) = 1 for sample x̂
µBl(x) = 0 for all the other x
where µBl is the output membership function value of l
th fuzzy set B.
Then, simplification can be made to the weighted average of rule outputs and











Further simplification can be made to Equation 2.3 when a specific type of
input membership functions are used. Again, details are included later in
Sections 5.4 to 5.5.
Chapter 3
Dynamic Modelling of the
Freedom 6S
The dynamic modelling of the Freedom 6S begins with incorporating the manipula-
tor dynamics using traditional techniques found in [28]. Prior to dynamic descrip-
tions, kinematics analysis is performed and the details are described in the next
section.
3.1 Forward Kinematics
The kinematics of Freedom 6S is derived using the Denavit-Hartenberg (DH) rep-
resentation [28]. In this convention, a product of transformation matrices is used
to describe frame transformations. Each transformation, A, is represented as a
multiplication of four fundamental transformations:
A = Rotz,θTransz,dTransx,aRotx,α (3.1)
The first fundamental transformation is rotation about the z-axis by an angle of
θ, followed by a translation along the z-axis by a distance of d. The third transfor-
mation is a translation along the x-axis by a distance of a and followed by a rotation
about the x-axis by an angle of α. Evaluating the expression in Equation 3.1 from
left to right, each basic transformation uses the local axes as reference. The closed
chain schematic is shown on Figure 3.1. Since the DH representation is used for
19
Dynamic Modelling of the Freedom 6S 20
serial chain, two chains are required to described the closed kinematic chain of the
Freedom 6S.
Figure 3.1: A schematic showing the closed chain kinematics of the Freedom 6S.
The first serial chain contains frames of reference describing links 2, 5, 6, and 7.
The graphical representation is given in Figure 3.2. The frames are referred to as
“fx”, where “x” denotes the frame number. These notations are used throughout the
thesis for the ease of frame referencing. For example, Figure 3.2 shows the vectors
for x0 and z0. These vectors define frame 0 (f0). The link parameters corresponding
to these frames are shown in Table 3.1.
The second chain describes frames of reference attached to links 3 and 4. The
frame assignments are shown in Figure 3.3 and the associating link parameters are
described in Table 3.2. The remaining link, L1, is described by a frame coinciding
with f0 as shown in both Figure 3.2 and Figure 3.3.
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Figure 3.2: D-H frame assignments for masses of links 2, 5, 6 and 7
To verify that the kinematics are accurate, two tests are performed. The first
test is to verify that the Cartesian endpoint found from Figure 3.2 transformation
from f0 to fe agrees with the endpoint given from the software development kit
(SDK) of Freedom 6S. This ensures that the frame transformation describing links
1, 2, 5, 6 and 7 is correct. When comparing the calculated endpoint from the
frame assignment developed with that of the SDK of Freedom 6S, it is important to
note that the frames of reference used by the two sources are different. Appendix
A shows the relationship between the endpoint coordinates obtained by the DH
representation and from the SDK as a reference.
Once the endpoint position is verified, a second test can be used to verify the
consistency of the kinematics done in Table 3.2. For links 1, 3 and 4, the consistency
of the frame transformations is confirmed by matching the origin of fe in Figure 3.3
with a vector with length of link 2 extending from f3 of Figure 3.2 in the z-direction.
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Frame Transformation Rot(z) Trans(z) Trans(x) Rot(x)
f0 to f1 q0 0 0 π/2
f1 to f2 (used to describe c.o.m of L2) q1 L2 0 -π/2
f2 to f3 (used to describe c.o.m of L5) q2-π/2 0 0 -π/2
f3 to f4 (used to describe c.o.m of L6) q3 -L5-L6 0 π/2
f4 to f5 q5-π/2 0 0 -π/2
f5 to fe (used to describe c.o.m of L7) q4 L7 0 0
Table 3.1: DH parameters corresponding to Figure 3.2
Frame Transformation Rot(z) Trans(z) Trans(x) Rot(x)
f0 to f1 q0 0 0 π/2
f1 to f2 q1 0 0 -π/2
f2 to f3 (used to describe c.o.m of L3) q2 0 L3 0
f3 to fe (used to describe c.o.m of L4) -q2-π/2 0 L4 0
Table 3.2: DH parameters corresponding to Figure 3.3
3.2 Lagrangian Dynamics
Using the forward kinematics, a 6 DOF analytical dynamic model is developed for
the Freedom 6S using the Lagrangian approach. The components in the equations
of motion (i.e. the inertia matrix, Christoffel matrix, the gravity effect matrix)
derived from Euler-Lagrange equations utilize the geometric relationships derived
from the kinematic analysis. Information on rotational matrices and displacement
vector describing the location of the center of mass of each link are required to
calculate the inertia matrix, Christoffel matrix, and the gravity effect matrix.
The inertial matrix, D, is a function of q only. It is derived from isolating the
inertia term when the total kinetic energy of the links is considered. The inertia





T Jvci(q) + Jωi(q)
T Ri(q)IiRi(q)
T Jωi(q) (3.2)
where n is the number of links of the robot, mi is the mass of link i, Jvci is the 3x6
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Figure 3.3: D-H frame assignments for masses of links 1, 3 and 4
linear portion of the Jacobian matrix based on the center of mass of link i, Jωi is the
3x6 angular portion of the Jacobian matrix based on the center of mass of link i, Ri
is the 3x3 rotational matrix describing link i based on an inertial reference frame,
Ii is the 3x3 inertia matrix. The Jacobian matrix and the rotational matrix can be
computed/extracted from the kinematic analysis done previously.
The calculation of the Christoffel matrix, C, is based on simplifications made
















where dkj is the k,j-th element of the D matrix, qi is the joint position of link i, q̇i
is the joint velocity of joint i.
The gravitational effect of the links on the dynamic of the system is described
by φ. It is calculated by differentiating the potential energy with respect to each
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where V is the sum of all the gravitational potential energy of the links as a function
of q, and qk is the position of joint k.
The calculation is accomplished by determining dynamic relationships using sym-
bolic programming in Maple1. A schematic of the linkages and joints are shown
previously in Figure 3.1. Simplifications are done symbolically at each intermediate
calculation to reduce the memory required to store the result. Some simplifications
made include reducing the number of unknowns in a 3x3 inertia matrix from 9 para-
meters to 6 parameters by noting that an inertia matrix is symmetric. The complete
model presented in Equation 3.5 includes inertia torques (product of a 6x6 inertia
matrix, D, and a 6x1 joint acceleration vector, q̈), centrifugal and Coriolis torques
(product of a 6x6 Christoffel matrix, C, and a 6x1 joint velocity vector, q̇), and a
6x1 gravitation effect vector (φ). The input to the system is a 6x1 torque vector
(τ). The individual joint position, q, is defined with a subscript starting from 0 (i.e.
q={q0, q1, q2, q3, q4, q5}).
τ = D ∗ q̈ + C ∗ q̇ + φ (3.5)
Equation 3.5 is the equation of motion derived from Euler-Lagrange equations.
Appendix B shows the detailed derivation from the Euler-Lagrange equations to the
form appears in Equation 3.5.
Despite the fact that motors 1 and 2, as indicated by joints 1 and 2 in Figure 3.1
respectively, are mounted onto the linkages themselves, their dynamic effects (i.e.
gyroscopic effect) caused by the rotor rotation is negligible in comparison to the
inertia forces from the actual masses of the motors. This is because the two motors
are directly-driven and are not operated at high speeds. Hence, the effect of the
motors can be incorporated to Equation 3.5 by including the masses of the motors
onto the appropriate links. In this case, the motor and the link to which the motor
is attached would be grouped as one rigid body. Specifically, the mass of motor 1 is
included with that of link 2 and the mass of motor 2 is included with that of link 3.
The calculation of all the terms in Equation 3.5 is done symbolically in Maple and
the script is included in Appendix C.
1A mathematical application software with symbolic computation developed by Maplesoft.
www.maplesoft.com
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3.3 Friction Modelling
In addition to the Lagrangian dynamics, other effects must be incorporated to pro-
duce a more accurate model. Friction is a dominating factor in the modelling of
Freedom 6S and it must be included to properly describe the behaviour of the device.
There are many different types of friction modelling and they can be divided into
two general categories: static models and dynamic models. Static models are simple
functions of displacement or velocity and they are easy to implement. However,
they are not able to capture many characteristics of friction, such as effects from
deflection between two contact surfaces. The static friction model is suitable for
simple applications. It is easy to compute and it offers a fast simulation result. On
the other hand, dynamic models offer a more detailed description of friction at the
cost of computation complexity. For Freedom 6S, both models are investigated and
they are discussed in details below.
3.3.1 Static Friction Models
Static models are usually based on functions of velocity. The Coulomb friction
model, for example, represents Coulomb friction as a value with constant magnitude
but with a direction opposite to the direction of the velocity. Another type of
friction, static friction, describes the force that must be overcame before motion can
result. This friction is of high magnitude and it only has a value when the velocity
of the object is zero. Once the object is in motion, kinetic friction results and it
is generally modelled as a constant value when velocity is greater or less than zero.
In addition to kinetic friction, viscous friction also occurs when velocity is not zero
and it increases linearly with speed. Another friction effect used in modelling is
called the Stribeck effect. It occurs during low velocities at which the friction force
decreases continuously with increasing velocities [61].
A combined static friction model with all the static effects (i.e. Coulomb, static,
kinetic, viscous, and Stribeck) is displayed in Figure 3.4. This particular model
is proposed by Turner [62] and it has no discontinuity which is a more realistic
behaviour of friction. This static friction model is combined with the Lagrangian
model as an initial trial.
The static friction, which is the force required for an object to have motion, is
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described as the first peak of Figure 3.4. As this is a velocity-dependent curve, the
static friction modelled on this curve is an approximation only. The kinetic friction
parameter, fk, describes the force needed to maintain the velocity of the object
once it has overcome the static friction. Viscous friction is modelled when velocity
is greater than V4 and it increases with the velocity by a slope of s2.
Figure 3.4: A Continuous static and kinetic friction model.
The five parameters listed on Figure 3.4 are required to characterize the friction
model. As mentioned previously, fk is the kinetic friction. The parameter, s1,
describes the steep slope that continues until the static friction is reached at a
velocity of v1. The other slope parameter, s2, is the viscous damping coefficient.
Unfortunately, this model is inadequate in capturing all the nonlinear frictional
behaviour of Freedom 6S. In particular, it has problems with modelling the behav-
iour of the joints when the velocities are low. When cosine input torque commands
are given to the wrist joints, the observed joint responses take the shape of plateaus
at the peaks and valleys of the position curves. However, the simulations of the
joint positions often have rounded peaks and valleys on the response curves and
these features do not describe the existence of friction during low velocities. Hence,
a dynamic friction model is investigated.
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3.3.2 Dynamic Friction Models
A dynamic friction model is considered since the simple friction model cannot accu-
rately describe the friction observed from the Freedom 6S. Dynamic friction models
treat the friction force as a state of the system. Dahl [63] modelled stiction as
having a spring-like behaviour. The model describes a delayed effect in Coulomb
friction when the velocity changes sign. The Dahl model, however, does not account
for Stribeck effect. Another dynamic friction model is proposed by Armstrong-
Helouvry [64]. Their model is consisted of seven parameters and it keeps the differ-
ent friction effects as separate models by having one model to describe stiction and
another model to describe sliding fricton.
One well-known dynamic friction model is the LuGre friction model. In par-
ticular, the model represents two contacting surfaces as contact between bristles.
These bristles on the surfaces are deformed during contact. This deformation is
referred to as the “deflection of the contact surfaces”. The LuGre model embod-
ies a combination of friction effects such as the deflection of the contact surfaces,
Stribeck effect, stiction, Coulomb and viscous frictions. It has been proven to be
capable of capturing friction characteristics observed in many applications [65], [66].
It is chosen to be used with the modelling of Freedom 6S because of its ability to
include all the friction effects discussed and its easy implementation. The model
treats the deflection of contact surfaces as an internal state to dynamically describe
the behaviour of friction [67]. The governing equations are presented in Equations
3.6 to 3.8.
Ffriction = σ0 × z + σ1 × dz
dt
+ σ2 × v (3.6)
dz
dt
= v − σ0 × |v|
g(v)
× z (3.7)
g(v) = Fc + (Fs − Fc)× e−(v/vs)2 (3.8)
where σ0 is the stiffness of the contact surface, z is the average deflection of the
contact surface, σ1 is the damping coefficient of the contact surface, σ2 is the viscous
damping, v is the velocity, Fc is the Coulomb friction, Fs is stiction, vs is Stribeck
velocity.
Equation 3.6 is the combined friction effect based on the stiffness and damping
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effects of the contact surface and viscous friction. Equation 3.7 describes the rate
of change of deflection of the contact surface. It changes proportionally to velocity
and deflection but inversely proportional to Coulomb friction and stiction. Equation
3.8 is used to describe the stick and slip behaviour of friction and it embodies the
Stribeck effect. The parameters characterizing these equations are included the list
of unknowns to be identified. Table 3.3 gives a summary of the notation used to
represent these parameters along with their descriptions.
To have a complete model, other effects affecting the manipulator behaviour must
be included for system identification. For the Freedom 6S, these effects include plant
friction, (amplifier) gain and cable drag and they are discussed in the next section.
3.4 Other Effects in the Model
The additional effects included in the Freedom 6S model are described below.
3.4.1 Plant Gain: Amplifier and Gearing
For simplicity, the six amplifier gains are combined with the gains from gearing. The
amplifier gains for the six inputs to the motors require identification since the actual
gains of the amplifier might have changed from the time when it was manufactured.
In terms of gearing, the first three motors are direct drive motors and thus they
have 1:1 input-to-output mechanical ratios. In contrast, the wrist joints are driven
by tendons routing via a set of pulleys. The mechanical ratio is included with the
amplifier gain to form an overall plant gain for each joint.
3.4.2 Cable Drag
There are cables/wires coming out of the direct drive motors of the first three joints.
They must be taken into account when modelling since the cables exert some pulling
forces on to the casings of the motors, which in turn affects the position of the links.
As for the wrist joints, the wires of the sensors are mounted at the joints and they
would have similar effects on the links controlling the wrist. Hence, a cable drag
effect is incorporated to all joints in the model. It can be observed that if no
persistent external force is applied, a joint would return to its equilibrium position.
Dynamic Modelling of the Freedom 6S 29
Hence, a spring term would mimic the torsional elasticity observed at each joint.
The implementation is achieved by introducing spring torques:
τs = Ks × (q− qeq) (3.9)
where τs is the torque vector resulting from the springs, Ks is the torsional spring
stiffness vector, q is the position vector of the joints, qeq is the equilibrium positions
vector of the joints.
3.5 Chapter Summary: Overall Model
Table 3.3 shows the additional parameters for each joint required for identification.
These unknowns are the characteristics that describe the dynamic behaviour of
Freedom 6S in addition to the inertial dynamics.
Notation Description
Kpi Plant gain ( gearing and amplifier gain )
qeqi Equilibrium positions of joints
Ksi Spring constant ( modeling cable drag )
σ0i Stiffness of bristles ( friction parameter )
σ1i Damping coefficient of bristles ( friction parameter )
σ2i Damping coefficient of links ( friction parameter )
vsi Stribeck velocity ( friction parameter )
Fsi Stiction friction force ( friction parameter )
Fci Coulomb fricton force ( friction parameter )
Table 3.3: Additional model parameters for a joint.
Incorporating the additional parameters outlined in Sections 3.2-3.4, the overall
model describing the manipulator is shown in Figure 3.5.
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Figure 3.5: Block diagram of the overall model of the Freedom 6S.
Chapter 4
System Identification of the
Freedom 6S
Once the form of the model is developed, the unknown parameters have to be identi-
fied. The nonlinear model determined from Chapter 3 has 118 unknown parameters,
making it highly complex. Systematic approaches are warranted in order to organize
the unknowns into groups from which identification can be done efficiently. This
chapter outlines two system identification approaches to model the Freedom6S.
4.1 System Identification by the Method of
Isolated Joint
The essence of the first system identification method proposed in this thesis is to
group the unknown parameters from the model by joint. The identification process
is iterative in nature. One important concept of method of isolated joint is that the
identification process only allows one free joint to move at a time while all the other
joints are locked. The joints of the manipulator need to allow individual locking to
facilitate data collection used to determine the unknowns associated with each joint
separately. By physically restricting the movement of joints, the dynamic equations
can be simplified and hence the required number of unknowns to be identified is
reduced for a given fixed joints configuration. By fixing the joints in a special order,
a smaller number of unknowns can be identified for a given fixed joint test. The
31
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following section outlines the steps required to identify the system by using the
method of isolated joint.
4.1.1 The Locking Sequence
Once the model equations from Chapter 3 are developed, a “locking sequence” can
be established. On the Freedom 6S device, the joints are constrained mechanically
to ensure locking occurs. The positions of the locked joints need not to be at their
home positions as long as no relative movement is allowed on that joint. If a torque
input is given to the free joint and no joint displacements are recorded from the
sensors of the locked joints, the locked joints are considered well-restrained. This
condition is enforced during each test run recorded for system identification.
The concept of the sequence at which the joints are locked can be illustrated by
a simple example. Suppose there is a serial robot with 3 DOFs. When joints 1 and 2
are locked, their respective joint velocities and accelerations are zero. This reduces
the original equations of motion describing a 3 DOF system to a 1 DOF equation
of motion describing only joint 3 (see Figure 4.1).
Figure 4.1: The reduced equation by locking joints 1 and 2 is highlighted by the
borders.
By studying the 1 DOF equations of each joint separately, the unknowns para-
meters from each equation can be determined. A table showing the masses of the
links of the example robot with respect to the 1 DOF equations are shown in Table
4.1.
From Table 4.1, the 1 DOF equation describing joint 1 contains masses from all
three links while the 1 DOF equation describing joint 3 only contains one unknown
(i.e. the mass of link 3). Hence, the locking sequence should be done by freeing
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Parameter Joint 1 Joint 2 Joint 3
Mass of Link 1
√
X X
Mass of Link 2
√ √
X
Mass of Link 3
√ √ √
Number of Parameters 3 2 1
Table 4.1: The concept of locking sequence.
only joint 3 (i.e. locking joints 1 and 2) first to determine the mass of link 3. Then,
the next test should be followed by freeing only joint 2 (i.e. locking joints 1 and
3). At this point, the mass of link 2 is the only unknown since the mass of link 3
is determined in the previous test. The last test is then to free only joint 1 (i.e.
locking joints 2 and 3) to determine the remaining parameter of mass of link 1.
Figure 4.2 has a list of unknown parameters to be determined by the associated
locked joint configuration for Freedom 6S. The cells in which the number “1” is
listed means the corresponding parameters are to be determined from the respective
configuration test. The nomenclature used to describe the parameters is as follows:
“I” prefix refers to the inertia (e.g. I112 means the inertia of link 1 and it is the
inertia element (1,2) in the 3x3 inertia matrix); “m” prefix refers to the mass of
the link (e.g. m1 means the mass of link 1); “x”, “y”, “z” prefixes refer to the
centroid location of the link (e.g. x1 means the x position of the centroid of link
1). Starting with joint 4, each configuration uses parameters determined by the
previous configuration in order to reduce the number of unknown parameters for
the configuration at the next step. By listing the parameters associated with each
1 DOF dynamic equation, it shows that an additional test of keeping joints 0 and 1
free at the same time is necessary to determine all the unknown parameters of the
system. Thus, there are seven configurations to be tested. Table 4.2 summarizes
the locking sequence of Freedom 6S.
4.1.2 Additional Parameters
In addition to the Lagrangian dynamics, friction and other effects must be incorpo-
rated to produce a more accurate model as mentioned in Sections 3.3-3.4 of Chapter
3. These unknowns (i.e. Kpi, eposi, Ksi, σ0i , σ1i , σ2i , vsi , Fsi , Fci) are incorporated
System Identification of the Freedom 6S 34
Parameters Parameters Parameters
1 2 3 4 5 6 7 1 2 3 4 5 6 7 1 2 3 4 5 6 7
I111 0 0 0 0 0 0 0 I311 0 0 0 0 1 0 0 I511 0 0 0 0 1 0 0
I112 0 0 0 0 0 0 0 I312 0 0 0 0 1 0 0 I512 0 0 0 0 0 1 0
I113 0 0 0 0 0 0 0 I313 0 0 0 0 0 1 0 I513 0 0 0 0 1 0 0
I122 0 0 0 0 0 0 0 I322 0 0 0 0 1 0 0 I522 0 0 0 1 0 0 0
I123 0 0 0 0 0 0 0 I323 0 0 0 0 0 1 0 I523 0 0 0 0 0 1 0
I133 0 0 0 0 0 1 0 I333 0 0 0 1 0 0 0 I533 0 0 0 0 1 0 0
m1 0 0 0 0 0 1 0 m3 0 0 0 1 0 0 0 m5 0 0 0 1 0 0 0
x1 0 0 0 0 0 1 0 x3 0 0 0 1 0 0 0 x5 0 0 0 1 0 0 0
y1 0 0 0 0 0 1 0 y3 0 0 0 1 0 0 0 y5 0 0 0 0 1 0 0
z1 0 0 0 0 0 0 0 z3 0 0 0 0 1 0 0 z5 0 0 0 1 0 0 0
I211 0 0 0 0 0 1 0 I411 0 0 0 0 1 0 0 I611 0 0 0 1 0 0 0
I212 0 0 0 0 0 0 1 I412 0 0 0 0 0 0 1 I612 0 0 0 0 1 0 0
I213 0 0 0 0 0 1 0 I413 0 0 0 0 0 0 1 I613 0 0 0 1 0 0 0
I222 0 0 0 0 1 0 0 I422 0 0 0 0 0 1 0 I622 0 0 1 0 0 0 0
I223 0 0 0 0 0 0 1 I423 0 0 0 0 0 1 0 I623 0 0 0 0 1 0 0
I233 0 0 0 0 0 1 0 I433 0 0 0 0 0 1 0 I633 0 0 0 1 0 0 0
m2 0 0 0 0 1 0 0 m4 0 0 0 1 0 0 0 m6 0 0 1 0 0 0 0
x2 0 0 0 0 1 0 0 x4 0 0 0 0 0 1 0 x6 0 0 1 0 0 0 0
y2 0 0 0 0 0 1 0 y4 0 0 0 0 1 0 0 y6 0 0 0 1 0 0 0
z2 0 0 0 0 1 0 0 z4 0 0 0 0 1 0 0 z6 0 0 1 0 0 0 0
I711 0 1 0 0 0 0 0
I712 0 1 0 0 0 0 0
I713 0 0 1 0 0 0 0
I722 0 1 0 0 0 0 0
Summary I723 0 0 1 0 0 0 0
1 2 3 4 5 6 7 I733 1 0 0 0 0 0 0
# of  param 4 4 6 13 17 16 4 m7 1 0 0 0 0 0 0
x7 1 0 0 0 0 0 0
y7 1 0 0 0 0 0 0




Figure 4.2: Parameters of links 1 to 7 listed by order of locking configuration.
with the dynamic equations as described by Figure 3.5 and they must be included
with each joint during system identification.
4.1.3 Optimizing Locked Joints Parameters
After implementing the friction model and incorporating all the parameters into the
model shown in Figure 3.5, a nonlinear optimization is done in an effort to find
parameters that best fit the measured data. Note that optimization is done on the
open-loop system rather than the closed-loop system, allowing friction effects to be
more observable and giving a higher sensitivity to any changes in parameter.
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It is found that the amplifier gain of the system is highly nonlinear. Initially,
chirp signals as listed in Table 4.3, with various frequency ranges are used to deter-
mine the specific ranges suitable for each joint. The input signals begin at 0.5-1 Hz
and are increased to the 2 to 3 Hz on the upper range as this is near the maximum
operating frequency of the joints.
At high frequencies (i.e. t≈80s), the amplifier gain exhibits nonlinear behaviour.
When the frequency is beyond a threshold value, the gain changes with increasing
frequency. As a result, torque inputs within a certain frequency range, as listed in
Table 4.4, are explored to avoid the nonlinear gain regions. The ranges of frequency
used for experiments start from the lowest frequencies of the chirp signals to the
highest frequencies at which the amplifier gains are still linear. For tests on each
joint, five input cosine torques with the same amplitude and with an uniformly
increase in frequencies are used for joint excitation. However, not all the measured
data from these inputs are used for optimization because of non-uniform system
behaviour. Since these ignored sets of measured data have much deviation from
the rest of the data, convergence cannot be achieved by the optimization routine.
Hence, it is decided that they can be ignored. Table 4.4 lists the set of inputs
used for each joint. At different frequencies, different types of friction effects would
dominate and these measured data is used as a basis for the optimization to find
the suitable friction parameters.
The optimization utilizes a sequential quadratic programming method1 (see Sec-
1The command used in Matlab optimization toolbox is “fmincon”.
Configuration Joint0 Joint1 Joint2 Joint3 Joint4 Joint5
1 L L L L U L
2 L L L L L U
3 L L L U L L
4 L L U L L L
5 L U L L L L
6 U L L L L L
7 U U L L L L
Table 4.2: The locking sequence of joints: L = Locked, U = Unlocked
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Table 4.3: Initial input chirp signals of the form A*cos(ω(t)*t).
Free Joint Amplitude (A) (N*m) Frequency (ω) (rad/s)
J0 0.02000 1.000; 1.325; 1.650; (1.975); (2.300);
J1 0.01500 1.000; 1.208; 1.417; 1.625; (1.833);
J2 0.02000 1.000; 1.500; 2.000; (2.499); (2.300);
J3 0.008000 0.5000; 0.8750; 1.250; 1.625; 2.000;
J4 0.005000 0.5000; 1.125; 1.750; 2.375; (3.000);
J5 0.008000 0.5000; 1.000; 1.500; 2.000; 2.500;
J0, J1 0.01600, 0.01500 1.500, 1.000; 1.604, 1.104; 1.708, 1.2082;
1.812, 1.312; 1.917, 1.417;
Table 4.4: Input torque for locked joint tests with the frequencies used by each test
separated by a “;”. The inputs with frequencies in “()” are not used for optimization
due to non-uniform system behaviour. The last group of input torques are sent to
J0 and J1 simultaneously to collect coupling joint test result.
tion 2.4 for concepts). The inputs required are the initial guesses of the parameters
with their respective lower and upper bounds. In order to make good initial guesses,
a SolidWorks2 model of Freedom 6S is made by using the approximated physical
measurement of the device. The physical measurements are done with the assembled
device and some assumptions are made in order to model the parts in SolidWorks.
Motors moving joints 1 and 2 are modelled as cylinders with their housings. The
weight of the cables and wires wrapped around the links are not included in the
SolidWorks model. Values of inertia, mass and centroid location from this Solid-
2A solid modeling package. www.solidworks.com.
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Works model are used as initial guesses for parameters listed in Figure 4.2. The
initial guesses from SolidWorks are presented in Appendix D.
Since the links of the robot are made out of aluminum alloy, all the solid mod-
elling assumes the material use of 2014 aluminum alloy. Due to this uncertainty
and measurement inaccuracies, the range between the lower and upper bounds are
estimated to be +/-50 percent and +/-30 percent for mass and centroid parameters
respectively. Once these two ranges are decided, the range between upper and lower
bounds for inertia parameters can be calculated by error propagation (Appendix E).
As part of the initial conditions, the initial deformation value (i.e. z in Equation
3.6) in the LuGre friction model is assumed to be 0. This is a reasonable assumption
considering no movement is present initially and hence, any deformation due to the
interaction of links on a joint is negligible. In addition to the initial conditions, an
inequality constraint is added to restrict the optimized value of the stiction force to
be larger than that of the Coulomb friction.
Fsi ≥ Fci (4.1)
where Fsi is the stiction force of joint i, Fci is the Coulomb friction force of joint i.
The cost function used for evaluation is the sum squared error between the
measured data and the simulation data. A time weighing factor is incorporated
into the cost function to minimize the transient effect. During the initial data
collection of each run, the position reading might not be accurate due to initialization
procedure of the sensors during which spikes produced by the amplifier are a common
phenomenon. Hence, the first half of each data set is weighted half as heavily than
the remaining portion of the data set. The cost function used for optimization is
J = Σni=1(λi × (yi − ŷi))2 (4.2)
where J is the cost function, i = 1..n is the time step, λi is the time weighing factor
at time i, yi is the measured data at time i, and ŷi is the simulated data at time i.
In order to minimize the processing time of the optimization function used in
Matlab, the symbolic dynamic equations are exported to Microsoft Visual C++
(VC++) from Maple to create a dynamically link library (dll). This dll uses the
parameters to be optimized as inputs and output the joint positions and velocities
of the model at each time step. In addition, a nonadaptive 4th-order Runge-Kutta
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solver is also scripted in VC++ to facilitate the calculation of joint positions and
velocities of the model.
The optimization is done for each locking sequence test as indicated in Table
4.2. Within each iteration, a quadratic programming subproblem is solved and the
direction of the search is calculated at the end of each step. Convergence is achieved
when the search direction changes less than 2e-6 and the maximum constraint vio-
lation is less than 1e-63. Further information on this nonlinear search method can
be found in [47].
4.1.4 Parameter Verification
After identification of all the parameters, they are used in the full model (i.e. sub-
stituting values into the full DOF model) for verification. The results from using
the method of isolated joint are presented in Section 4.2 and the test setup used for
all experimental tests is described in Appendix F.
4.2 Results from using the Method of Isolated
Joint
Using the method of isolated joint, optimization is done on data sets for each joint.
For each test, a set of cosine input torques is applied in sequence to the joint of
interest (i.e. the unlock joint) as shown in Figure 3.5. The resulting data sets are
used to evaluate the cost function for optimizing the parameters of each joint. Table
4.4 lists the input torques given to the device for generating measured data used
for optimization. A fixed time step of 0.5ms and the ODE4 Runge-Kutta solver are
used for the simulation of joints 0 - 5. This solver solves differential equations with
a non-adaptive Runge-Kutta method of order 4.
4.2.1 Individual Joint Test Results
The results obtained from simulation using the optimized parameters and the mea-
sured data for individual joints are presented in Figures 4.3 to 4.10. Not all five
3These are the default values used by Matlab.
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Joint 0:  Input Torque = 0.02*cos(t) [Nm]
measured
simulated
Figure 4.3: Measured and simulated joint
positions of joint 0 with all other joints
fixed.



















Joint 0:  Input Torque = 0.020*cos(1.325*t) [Nm]
measured
simulated
Figure 4.4: Measured and simulated joint
positions of Joint 0 with all other joints
fixed.
data sets for each joint are used for optimization because some collected data has
variations that affected convergence. These are the “()” frequencies in Table 4.4.
The results of using different frequency torque inputs are presented for joint 0, show-
ing a sample result set of different input frequencies applied to the same joint. For
joints 1-5, only the results of torque input at the middle frequencies (J1: ω=1.417;
J2: ω=1.500; J3: ω=0.8750; J4: ω=1.750; J5: ω=1.000) are presented because the
rest of the results show a similar trend. The simulation time is chosen such that a
relevant number of cycles can be displayed.
In general, the simulation closely matches the measured data after the initial
transient. The transient results between the observation and the simulation are
different because the time weighing factors are implemented to weigh more heavily
on the steady state data. The simulated joint positions of the base joints (Figures
4.3 to 4.7) show results that are in agreement with the measured data. Since these
joints are driven directly by motors, less friction effects are expected. The results
for joints 1-2 have consistent amplitudes and frequencies with the measured data.
As for joint 0, a similar consistency is shown at the steady state response. It is
worth noting that the measured data of the base joints exhibits the characteristics
of a non-minimum phase system in which the initial inverse response occurs in the
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Joint 0:  Input Torque = 0.020*cos(1.650*t) [Nm]
measured
simulated
Figure 4.5: Measured and simulated joint
positions of joint 0 with all other joints
fixed.



















Joint 1: Input Torque = 0.015*cos(1.4165*t) [Nm] 
measured
simulated
Figure 4.6: Measured and simulated joint
positions of joint 1 with all other joints
fixed.




















Joint 2:  Input Torque = 0.02*cos(1.4995*t) [Nm]
measured
simulated
Figure 4.7: Measured and simulated joint
positions of joint 2 with all other joints
fixed.
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Joint 3:  Input Torque = 0.008*cos(0.875*t) [Nm]
measured 
simulated
Figure 4.8: Measured and simulated joint
positions of joint 3 with all other joints
fixed.





















Joint 4: Input Torque = 0.005*cos(1.75*t) [Nm]
measured
simulated
Figure 4.9: Measured and simulated joint
positions of joint 4 with all other joints
fixed.





















Joint 5:  Input Torque = 0.008*cos(t) [Nm]
measured
simulated
Figure 4.10: Measured and simulated joint
positions of joint 5 with all other joints
fixed.
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opposite direction to the input. It can be speculated that this characteristic has a
potential to cause instability in the system [68].
Figures 4.8 to 4.10 show the simulated joint positions of the wrist joints. The Lu-
Gre friction model is able to produce stiction effects that agree with the experiment
because the plateau-shaped peaks and valleys of the joint positions are successfully
simulated. The optimized parameters produce simulations that are able to match
the frequency of the measured data completely, with acceptable variations in am-
plitudes. The measured data exhibits some randomness in amplitude (Figure 4.8)
that cannot be accounted for in the non-stochastic dynamic model. This may be
caused the intrinsic elasticity of the tendons used to transmit torques in the wrist
joints, making their responses less predictable.
4.2.2 Joints 0 and 1 Coupling Test Result
From Table 4.2, the last test required to completely identify the unknown parameters
is to perform a coupling test by sending excitation torques to move joints 0 and 1
simultaneously. Five measured data files (see last entry in Table 4.4 for the different
input torques used to collect the data) are used in the optimization simultaneously
to obtain the last group of parameters. Figures 4.11 to 4.12 shows the simulated
results with the measured data from the first data file. Since similar pattern exists
for comparison between simulated results and different input torques with other
frequencies, the other data files comparisons are not displayed to avoid redundancy.
The overall conclusion from the joints 0 and 1 coupling test result is that although
the simulation result of joint 1 agrees with the respective measured result, the
simulated result of joint 0 deviates much from its measured result. It is speculated
that the inaccuracies in the parameters from other isolated joint tests in Section 4.2
have attributed to the mismatch observed in joint 0. Since the dynamic equations
of joints 0 and 1 are dependent on previously determined parameters of joints 2
to 5, any inaccuracies in these pre-determined parameters would accumulate as
the identification process continues to joints 0 and 1. As a result, the parameters
describing the base joints do not converge properly in the presence of incorrect
parameters describing the joints “downstream” (i.e. joints that are further away
from the base joints). This is addressed by using another system identification
approach, the method of coupling joints, as outlined in Section 4.3.
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Figure 4.11: Measured and simulated joint
positions of joint 0 with joints 2 to 5 fixed.


























Figure 4.12: Measured and simulated joint
positions of joint 1 with joints 2 to 5 fixed.
4.2.3 Model Verification
Despite the mismatch of joint 0 between the simulation and the measured result, a
verification using the optimized parameters in the 6 DOF model is completed. A
set of input torques, as listed in Table 4.5, are sent to all the joints simultaneously
and the open-loop response is measured. Figures 4.13 to 4.18 display the measured
and simulated results of each joint.







Table 4.5: Input torques for verification of model with parameters found using
method of isolated joint.
There are unacceptable differences between the measured and simulated results
for joints 0 and 5. The mismatch in joint 0 is likely a result of accumulation of
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Joint 0:  Input Torque = 0.016*cos(1.5*t) [Nm]
measured
simulated
Figure 4.13: Positions of joint 0 with all
joints free.




















Joint 1:  Input Torque = 0.015*cos(t) [Nm]
measured
simulated
Figure 4.14: Positions of joint 1 with all
joints free.



















Joint 2:  Input Torque = 0.015*cos(t) [Nm]
measured
simulated
Figure 4.15: Positions of joint 2 with all
joints free.






















Joint 3:  Input Torque = 0.008*cos(0.5*t) [Nm]
measured
simulated
Figure 4.16: Positions of joint 3 with all
joints free.
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Joint 4: Input Torque = 0.005*cos(0.5*t) [Nm]
measured
simulated
Figure 4.17: Positions of joint 4 with all
joints free.





















Joint 5: Input Torque = 0.008*cos(0.5*t) [Nm]
measured
simulated
Figure 4.18: Positions of joint 5 with all
joints free.
inaccuracies in the optimized parameters, particular for the parameters associating
with the wrist joints. The dynamic model of the base joints are very sensitive to the
parameters of the wrist joints because they change the reflected load drastically. As
for joint 5, the difference in amplitudes between the measured and simulated results
is a consequence of coupling effects of the tendons that are not accounted for during
the isolated joint identification of joint 5.
4.3 System Identification by the Method of
Coupling Joint
The second system identification method is to test the joints together in combina-
tions. This is a good alternative to the first method which has a disadvantage of
masking coupling affects. Specifically, coupling between joints through the tendon
routing is not previously considered since the kinematics does not reflect such a
scenario. When the isolated joint test is used, the coupling effects between joints
are not apparent and subsequently the optimization might not be able to converge
to values that give the best fit values of the coupling terms of the overall system.
For Freedom 6S, the isolated joint test does not give a successful overall model of
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the 6 DOF device, and hence the method of coupling joint is used in an attempt to
determining better model parameters. Since the form of the model is known from
Chapter 3, this section outlines the steps to be executed in order to identify all
unknowns in the model.
4.3.1 Locking Sequence
The locking sequence is used to identify the same set of parameters listed in Figure
4.2. However, instead of locking only one joint a time, the coupling joint method
requires a locking sequence as listed in Table 4.6. The first test is to free only
joints 4 and 5 while keeping all the other joints locked. The parameters determined
from this first test are used in the second test which involves with leaving joints
3 to 5 free. The tests are continued in similar fashion by freeing one additional
joint towards joint 0. By working from the wrist joints towards the base joints, the
number of unknowns is minimized and the unlocking of more than one joint at any
given time ensures that coupling effects are emphasized. The bracketed numbers
from the table are the weighting factors used during the optimization routine and
they will be explained shortly in Section 4.3.3.
Configuration Joint0 Joint1 Joint2 Joint3 Joint4 Joint5
1 L L L L U (1) U (1)
2 L L L U (50) U (1) U (1)
3 L L U (50) U (1) U (1) U (1)
4 L U (50) U (1) U (1) U (1) U (1)
5 U (50) U (1) U (1) U (1) U (1) U (1)
Table 4.6: The locking sequence of joints: L = Locked, U = Unlocked. The numbers
in “()” are weighting factors used for optimization.
4.3.2 Additional Parameters
Identical to Section 4.1.2, friction and other effects have to be included with the
Lagrangian unknowns to describe the entire systems.
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4.3.3 Optimizing Locked Joints Parameters
Similar to Section 4.1.3, the same nonlinear optimization and initial conditions
are used to determine parameters that are in best agreement with the measured
data. Again it is done on the open-loop system to make friction more observable.
To avoid transient effects, the cost function is the sum squared error between the
measured data and the simulation data beyond the transient range. In addition,
since the coupling joint tests have more than one unlocked joint at a time, the cost
function consists of the sum squared error of all the free joints. To ensure that the
optimization has the objective of finding parameters that are the closest match to
the current joint of interest, heavier weighting would be placed on that one joint.




(λi × (yi − ŷi))2) (4.3)
where J is the cost function, j = m1,..,m2 is the unlocked joint index with m1 being
the first unlocked joint and m2 being the last unlocked joint, i = n0,..,n is the time
step index with n0 being the first time step after the transient response (usually it
is the 1001th data point—approximately after 10 s), λi is the weighting factor on
the joint of interest, yi is the measured data, and ŷi is the simulated data.
For configuration 1 in Table 4.6, j=4,5 and both λ4 and λ5 are equal to 1. This
is because the objective of optimizing configuration 1 is to find parameters that
best describe both joints 4 and 5. For configuration 2 in Table 4.6, j=3,4,5 and λ4
and λ5 both remain at the value 1. Joint 3 is the joint of interest for configuration
2 and so λ3 is set to have a value of 50. This value is chosen based on trial and
error and it ensures that the optimization has more emphasis on finding parameters
that would best fit joint 3. The same weighting method is used for the rest of the
configurations and it is listed in Table 4.6. The bracketed numbers indicate the
weighting factors used on the specified joints for optimization. Note that there is
no weighting factors on the locked joints because optimization is only done for free
joints for each configuration.
To have rich signals for exciting the system, cosine chirp signals with varying
amplitudes within the operating bandwidth are used as input signals. The signals
with the respective joints are listed in Table 4.7. The ranges of the amplitudes and
frequencies are chosen in ways such that the input torques would be large enough
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to maximize the coverage of the workspace but small enough so that they would
not cause the linkages to hit hard stops when the joints are moved simultaneously.
This is implemented by adding phase shifts on the input signals of joints 0 and 4.
Free Joint Amplitude (A) (N*m) Frequency (ω) (rad/s) Phase Shift (φ)(rad)
J0 0.02 1+(2/60)*t π/2
J1 0.008+(0.01/60)*t 1+(1/60)*t 0
J2 0.01+(0.01/60)*t 1+(0.5/60)*t 0
J3 0.008+(0.002/60)*t 0.5+(0.5/60)*t 0
J4 0.0045-(0.002/60)*t 0.5+(2.5/60)*t π/2
J5 0.0055-(0.003/60)*t 0.5+(2/60)*t 0
Table 4.7: Input torque for coupled joint tests. They take the form of Torque =
A*cos(ω*t+φ).
4.3.4 The Use of Beating Effect in Input Coupling
Identification
Another advantage of doing system identification with coupling joints is that it can
be used to identify any existing cable coupling between joints. For the Freedom
6S, the wrist joints are all tendon-driven and potential cable couplings between the
joints must be investigated. Specifically, this refers to the routing for joints 4 and
5 since one tendon is used to transmit motion to both joints (see Freedom 6S User
Manual [69] for routing details).
The first test according to the coupling joints locking sequence is to test joints
4 and 5 together. The input signals are chosen such that they have a slight offset
in frequencies (i.e. joint 4 has a frequency increment of (2.5/60)*t while joint 5 has
a frequency increment of (2/60)*t as listed in Table 4.7). If a beating phenomenon
results from this offset in frequencies, it suggests that the tendons are providing
additional couplings between the joints that are not previously included from the
Lagrangian derivation.
When the coupling test between joints 4 and 5 is carried out, it can be observed
that a beating effect is present. A beat is produced when two signals of slightly
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different frequencies are superimposed on top of each other [70]. The combined
effect is a signal that oscillates with a beat frequency of:
ωbeat = ω1 − ω2 (4.4)
where ωbeat is the beat frequency, ω1 and ω2 are two frequencies that are slightly
different from each other.
A response of joint 5 shown in Figure 4.19 resembles the beating phenomenon.
To verify this hypothesis, two additional experiments are performed.





















Figure 4.19: Beating effect observed at Joint 5.
4.3.4.1 Experiment: Input coupling in joints 4 and 5
For both experiments, all the joints remained locked except for joints 4 and 5. In the
first experiment, a torque signal is sent to joint 4. Plots of joint position versus time
for joints 4 and 5 are presented in Figure 4.20. Similar to the first experiment, the
second experiment has an input torque to joint 5. The respective plot is presented
in Figure 4.21.
From these results, it has shown that the tendons transmit input torques between
joints 4 and 5 through mechanical coupling of the tendons. Also, by comparing
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Figure 4.20: Effect of torque input to joint
4 on joint 5.























Figure 4.21: Effect of torque input to joint
5 on joint 4.
Figures 4.20 and 4.21, it appears that the input torque to joint 5 has a greater effect
on the position of joint 4. In contrast, input signal to joint 4 has a much smaller
effect on joint 5. In addition, an input torque to joint 5 would result in joint 4
moving 180 degrees out of phase as compared to joint 5. This has to do with the
fact that the same tendon is used to drive both joints and the routing of tendons
around the pulleys, as described by the MPB user manual [69], causes the phase
shifts between the joints.
The result of this experiment demonstrates that there exists significant input
coupling between joints 4 and 5. This is a mechanical coupling via tendons. This
effect is included in the model by introducing two additional parameters to be
optimized: Gearing4To5 and Gearing5To4. They each represent the proportion
of input torque of one joint to be fed to the other joint. With the phase shift in
mind, the input to the model can be modified as follows. If the physical input
torques to joints 4 and 5 are:
τq4 = A4×cos(ω4×t)
τq5 = A5×cos(ω5×t)
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where τq4 is the input torque to joint 4, A4 is the amplitude of joint 4 in Newton-
meter, ω4 is the angular frequency of joint 4 in radians per second, t is the time in
second. Similar notations are used for joint 5.




for the physically coupling between joints 4 and 5 are:
τ ′q4 = τq4 −Gearing5To4 ∗ τq5 (4.5)
τ ′q5 = τq5 + Gearing4To5 ∗ τq4 (4.6)
The subtraction of the second term in Equation 4.5 accounts for the fact that a
torque input to joint 5 would move joint 4 180 degrees out of phase. All experimental
inputs to the model are modified using above descriptions.


























Figure 4.22: Effect of torque input to joint 3 on joints 4 and 5.
A similar input coupling experiment was done between joints 3, 4 and 5. A
torque signal is sent to joint 3 only and no joint displacement from joints 4 and
5 are resulted from this input (Figure 4.22). Since joint 3 is driven by a separate
tendon from joints 4 and 5, no input coupling is present.
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4.3.5 Positional Bias on Friction
Depending on the mechanical system, considerations should also be given to positional-
dependence on frictional characteristics. Two amplitudes are used to determine
whether if a positional bias exists for a joint. One amplitude is the distance be-
tween the equilibrium position of the joint to the peak of the recorded joint position
and the other is the distance between the equilibrium position to the valley of the
recorded joint position. A position bias occurs when the two amplitudes do not have
the same magnitude. The positional bias becomes obvious when experiments are
done on the base joints. Hence, a positional bias term, which is a factor weighting
the influence of friction depending on whether the joint position is greater or less
than 0 degrees, is implemented in the model for the base joints. This factor is an
additional parameter for each joint required to be solved by the optimization routine
outlined in Section 4.3.3. Positional bias on friction is implemented in the model
after the LuGre friction has been calculated. If the joint position at that time step
is less than the equilibrium position of that joint, then the new friction value is
calculated by multiplying the LuGre friction value by a“friction bias factor” (see
Appendix D for the numerical values). As a result, the LuGre friction value would
describe the friction value when joint position is larger than the joint equilibrium
position and a scaled friction value is implemented when the joint position is smaller
than the joint equilibrium position.
4.4 Results from using the Method of Coupling
Joints
Using the method of coupling joints, optimization is done on data sets for each joint
as described in Section 4.3. Again, nonlinear optimization method (see Section 2.4)
is used to determine the most suitable parameter values that can minimize the sum
squared error between the measured and the simulated results. For each test, a set
of cosine chirp input torques is applied in sequence to the joints of interest (i.e. the
unlock joints) as listed in Table 4.6. The resulting data sets are used to evaluate the
cost function for optimizing the parameters of each joint. Table 4.7 lists the input
torques given to the device for generating measured data used for optimization. A
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Coupled Joint Optimization Result: Joint 0
measured
simulated
Figure 4.23: Positions of joint 0 using the
coupling joint method.





















Coupled Joint Optimization Result: Joint 1
measured
simulated
Figure 4.24: Positions of joint 1 using the
coupling joint method.
fixed time step of 0.1667 ms (=0.01/60 s) and the ODE4 Runge-Kutta solver are
used for the simulation of joints 0 to 5. Recall from Section 4.2, a fixed time step of
0.5 ms was used for simulations on isolated joint. A smaller time step of is required
for the coupling joints simulations because the dynamic responses from the coupled
joints are more sensitive. Hence, it requires a higher resolution to accurately capture
the response. By trial and error, the time step of 1/60-th of the sampling time of
the ADC (0.01s) is found to be a sufficient resolution for the model to simulate
properly.
The results obtained from simulation using the optimized parameters and the
measured data for each joint are presented in Figures 4.23 to 4.28. According to
the locking sequence of coupling joints test (Table 4.6), only the result(s) of the
joint(s) being optimized are presented. From Table 4.6, configuration 1 allows for
optimization done on joints 4 and 5. Hence, the results presented below for joints 4
and 5 come from the optimization done on configuration 1. Similarly, configuration
2 allows for optimization done on joint 3. Hence, the result presented below for
joint 3 comes from the optimization done on configuration 2. The simulation time
is chosen such that a relevant number of cycles can be displayed.
In general, the simulation provides acceptable matches to the measured data.
The simulated joint positions of the base joints (Figures 4.23 to 4.25) show results
that are in agreement with the trends of the measured data. The differences can
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Coupled Joint Optimization Result:  Joint 2
measured
simulated
Figure 4.25: Positions of joint 2 using the
coupling joint method.



















Coupled Joint Optimization Result:  Joint 3
measured
simulated
Figure 4.26: Positions of joint 3 using the
coupling joint method.















Coupled Joint Optimization Result:  Joint 4
measured
simulated
Figure 4.27: Positions of joint 4 using the
coupling joint method.



















Coupled Joint Optimization Result:  Joint 5
measured
simulated
Figure 4.28: Positions of joint 5 using the
coupling joint method.
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be attributed to the accumulated errors from optimizations done on the previous
joints. This is most apparent in the result of joint 0 since the optimization of joint 0
is based on all the optimized parameters of the previous joints. Despite the lack of
agreement in terms of amplitude, the simulated result shows similar trends to that
of the measured result. The simulation results of joints 1 and 2 also show acceptable
similarity in trends and amplitudes compared to the measured data sets. Since all
the measurements are done as an open-loop system, it is speculated that the model
is able to describe the system even better in a closed-loop system.
Figures 4.26 to 4.28 show the simulated joint positions of the wrist joints. Again,
the LuGre friction model is able to produce stiction effects that agree with experi-
ment. Since the number of peaks over a given time are the same from the figures,
the optimized parameters produce simulation results that are able to match the fre-
quency of the measured data adequately with acceptable variations in amplitudes.
By introducing coupled input torques between joints 4 and 5 (described in Section
4.3.4), beating phenomenons are correctly simulated to match those observed in
measured data.
As all the identifications are done with an open-loop system, a closed-loop system
should provide a better match between the actual system and the model. The closed-
loop experiments described in the next section is to further check the validity of the
model obtained from the method of coupling joints.
4.5 Closed-Loop Verification
The open-loop optimization result obtained from using the method of coupling joints
are further verified with a closed-loop test. Two sets of proportional-derivative
(PD) gains are chosen such that they reduce the error between the command and
the measured signals. During the tuning of the PD gains, it becomes apparent
that it is necessary to filter the error signal derivative (de
dt
) because it fluctuates
greatly near the beginning of the command signal. This large magnitude of the
error derivative gives rise to a large input torque that would cause instability in the
device. Furthermore, the roll joint (joint 4) is designed such that its joint position is
calculated from two sensors and a large torque often causes this joint to over rotate.
When over rotation occurs on joint 4, it causes the sensors to send error messages.
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Due to these problems, a second order low-pass filter is implemented to smooth out
the initial spikes observed in the error derivative to avoid instability and stalling of
sensors.
4.5.1 Filter Implementation
The second order low-pass filter is chosen such that it has the lowest cut-off frequency
without causing a significant lag in response. This frequency is determined by
implementing the filter at a selected frequency with an arbitrary set of PD gains
along with a step input. If the response appears to have too much lag, a higher
frequency filter will be used. On the other hand, if the chosen frequency causes
instability of the system, a lower cutoff frequency is used. From trial and error, 15
Hz is chosen to be the cutoff frequency for the filter for all joints. The filter has the




× (−a2× y(k − 1)− a3× y(k − 2) + b1× u(k − 1) + b2× u(k − 2))
(4.7)
where y(k) is the filtered de
dt
at the current time k, y(k − 1) is the filtered de
dt
at
the previous time step k − 1, y(k − 2) is the filtered de
dt
at two previous time steps
k − 2, u(k − 1) is the pre-filtered de
dt
at the previous time step k − 1, u(k − 1) is the
pre-filtered de
dt
at two previous time steps k− 2, and the constants for a 15 Hz cutoff
frequency are a1 = 1, a2 = -0.8073, a3 = 0.2638, b1 = 0.2789, b2 = 0.1775.
4.5.2 PD Gains
After the filter is implemented, tuning can be done to find an appropriate sets of PD
gains. Two sets of PD gains are desired to demonstrate the effect of increasing gains
on the resulting trends of the measured and simulated data. By trail and error, the
smaller set of gains are chosen to give a good step response (i.e. a response with
minimum overshoot and oscillations) while the higher set is approximately twice as
high as the smaller sets. The PD gains used for each joint are presented in Table
4.8.
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Joint P (small) D (small) P (big) D (big)
J0 0.8 0.04 1.2 0.08
J1 0.3 0.04 0.5 0.08
J2 0.3 0.015 0.5 0.03
J3 0.04 0.0015 0.08 0.003
J4 0.006 0.0000025 0.01 0.000005
J5 0.04 0.0015 0.08 0.003
Table 4.8: PD gains used for closed-loop verification.
4.5.3 Closed-Loop Verification Results
The inputs used for closed-loop verification are still chirp signals with the same
frequencies as those used in Section 4.3.3 for open-loop experiments. However, the
closed-loop input signals (i.e. joint position command) have different amplitudes
than the ones used for open-loop (i.e. motor torque command). The closed-loop
input signals are listed in Table 4.9.
Joint Amplitude (A(t)) (rad) Frequency (ω(t)) (rad/s) Phase Shift (φ)(rad)
J0 0.2-(0.2/60)*t 1+(2/60)*t π/2
J1 0.1+(0.3/60)*t 1+(1/60)*t 0
J2 0.1+(0.1/60)*t 1+(0.5/60)*t 0
J3 0.4+(0.3/60)*t 0.5+(0.5/60)*t 0
J4 0.5-(0.3/60)*t 0.5+(2.5/60)*t π/2
J5 0.4-(0.2/60)*t 0.5+(2/60)*t 0
Table 4.9: Input position command for closed-loop verification test. They take the
form of Torque = A(t)*cos(ω(t)*t+φ).
Two sets of measured data are made with the small and high sets of PD gains.
The input position commands are sent to all the joints simultaneously and they
are compared with the model simulation. The results are grouped by the PD gains
used.
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Small PD Gains Result:  Joint 0
measured
simulated
Figure 4.29: Positions of joint 0 using small
PD gains.



















Small PD Gains Result: Joint 1 
measured
simulated
Figure 4.30: Positions of joint 1 using small
PD gains.
4.5.3.1 Small PD Gains Verification
Figures 4.29 to 4.34 show the results for the small PD gains.
The closed-loop model matches very closely for joints 0 to 3 with small PD
gains. There seems to be some discrepancies in amplitude between the model and
measured data for joint 4 but it is suspected to be related to frictional effects of the
wrist joint. Previously determined friction parameters could have changed as the
tendons came loose and needed to be rerouted to proceed with more testing. As for
joint 5, the difference between the model and the measured data is unacceptable.
From observing the measured data of joint 5, it seems that it is different from the
past measurement in that it exhibits no beating phenomenon when joints 4 and 5
are operated simultaneously. This discrepancy in measured data is attributed to
the fact that the wrist tendons had been rerouted a couple of times since the last
measurements are made for the coupling joint experiment. By rerouting the wrist
joint, the friction characteristics are different since all the tendons are wound around
the pulleys differently than before. It is suspected that when the tendons are wound
up properly without much overlapping, the behaviour of joint 5 is independent of
the input of joint 4. This is confirmed by observing joint 5 when joint 4 is moved
physically by hand. Hence, the previous model must be modified to describe the
correct tendon routing for joint 5. Joint 5 is only influenced by its own input signal
and it is not affected by that of joint 4. The torque input to joint 5 described by
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Small PD Gains Result:  Joint 2
measured
simulated
Figure 4.31: Positions of joint 2 using small
PD gains.






















Small PD Gains Result:  Joint 3
measured
simulated
Figure 4.32: Positions of joint 3 using small
PD gains.




















Small PD Gains Result:  Joint 4
measured
simulated
Figure 4.33: Positions of joint 4 using small
PD gains.



















Small PD Gains Result:  Joint 5
measured
simulated
Figure 4.34: Positions of joint 5 using small
PD gains.
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Equation 4.6 is modified to:
InputTorqueToJoint5 = A5×cos(w5×t)
With this modification, a new simulation is run and a great improvement has
resulted from this modification on model of joint 5. Since the results from joints
0 to 4 remain relatively similar to the previous figures, only the result of joint 5 is
presented in Figure 4.35. It is confirmed, with this new result, that the movement
of joint 5 is independent of the input of joint 4. Again, the difference in magnitude
is attributed to the fact that the previously determined friction parameters are not
exact since the tendons have been rerouted.




















Small PD Gain Result:  Joint 5 (Without Input of Joint 4)
measured
simulated
Figure 4.35: Measured and simulated joint positions of joint 5 using small PD gains
with input from joint 4.
4.5.3.2 High PD Gains Verification
By doubling the small PD gains and modifying the model of joint 5, the results of
using the high PD gains are presented in Figures 4.36 to 4.41.
With a higher set of PD gains, the model shows excellent agreement for measured
data of joints 0 to 3 and 5. For joint 4, the model is able to provide a better match
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High PD Gains Result:  Joint 0
measured
simulated
Figure 4.36: Positions of joint 0 using high
PD gains.



















High PD Gains Result:  Joint 1
measured
simulated
Figure 4.37: Positions of joint 1 using high
PD gains.



















High PD Gains Result:  Joint 2
measured
simulated
Figure 4.38: Positions of joint 2 using high
PD gains.






















High PD Gains Result:  Joint 3
measured
simulated
Figure 4.39: Positions of joint 3 using high
PD gains.
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High PD Gains Result: Joint 4
measured
simulated
Figure 4.40: Positions of joint 4 using high
PD gains.




















High PD Gains Result:  Joint 5
measured
simulated
Figure 4.41: Positions of joint 5 using high
PD gains.
for the large PD gains measured data than the ones with small PD gains. This
does not mean that the friction model is poor as the controller is not designed to
compensate for frictional effects. In general the large set of PD gains provide input
torque that is large enough to overcome higher amount of friction and hence, the
measured results are in a superior agreement with the model.
4.6 Chapter Summary
This chapter completes the modelling of Freedom 6S and the importance of the
proposed methodologies and experimental results are summarized below.
4.6.1 System Identification Methods
In this chapter, two methods of system identification are presented and both have the
purpose of reducing the number of parameters to be identified in a complex dynamic
model. Knowing an analytic form of the dynamic model, one is able to isolate a
subset of the system describing selected joints and the associated unknowns. This
way, tests can be tailored to capture the dynamic response of the selected joints and
the model unknowns can be determined in a modular fashion. These systematic
approaches to system identification can be applied to nonlinear dynamic systems
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provided the joints can be physically constrained. The method of isolated joint
allows for the least number of parameters to be identified at a time at the expense
of neglecting input coupling effects. The method of coupling joint, however, is able
to capture the coupling effects.
4.6.2 Experimental Results from System Identification
The system identification results using the method of isolated joint produces opti-
mized parameters that generate simulations which are in excellent agreement with
the measured data for the individual joints. However, when the last test of the
locking sequence is carried out, the results show that there are inaccuracies in the
previously determined parameters. As soon as two joints, joints 0 and 1, are set
free, the model parameters can no longer generate a simulation of joint 0 that would
match the measured data. Verification using the 6 DOF model confirms the inac-
curacies of the parameters.
The method of isolated joint allows the identification of non-coupled joint pa-
rameters to be done readily. On the other hand, it does not account for input
coupling behaviour. Based on this reasoning, another system identification method
is proposed in an attempt to generate a model better capturing the entire system.
The alternative method, the method of coupling joints, provides a better overall
system identification technique than that of the isolated joint. While isolated joint
allows for minimal number of parameters to be identified at one time, the coupling
joints method offers the opportunity to optimize coupled terms at the same time as
non-coupled terms to ensure their importance is weighed fairly.
The verification of the model using a closed-loop system proves that it can ad-
equately describe the dynamic behaviour of the Freedom 6S. With high unpre-
dictability in the friction caused by the tendons, it is advisable to reroute or check
the tendon routing frequently to ensure there is no entanglement of strings around
the pulleys. The correct routing procedure is outlined in the MPB user manual [69].
Chapter 5
Control of Vibration during
Virtual Wall Contact
5.1 Virtual Wall Contact
This work specifically studies the haptic effects of virtual wall contact. It is a known
phenomenon, as discussed in Section 2.5, that it is difficult to create a solid wall in a
virtual environment without vibration effects. An insufficient sampling rate can lead
to instability when the user penetrates within a close range to the wall boundary.
With a slow sampling rate, it is possible to have forces applied to the user even if the
current position of the user is outside of the wall boundary. Inaccuracy in position
feedback can lead to instability of the system. It is common for the user to feel a
chattering sensation due to a slow sampling rate when they push against the wall
boundary.
The goal of this chapter is to reduce the chattering upon the penetration of a
virtual wall using a fuzzy logic approach. Starting with a traditional spring and
damper system to describe the contact dynamics of a virtual wall, the dynamics are
fuzzified and then fuzzy logic is applied to the spring constant (proportional gain)
and damping (derivative gain) coefficients. A comparison in performance between
using a traditional PD method and the fuzzy logic method is investigated using the
Freedom 6S.
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5.2 Test Setup for Virtual Wall Experiment
To investigate the validity of using a fuzzy controller in place of a linear proportional-
derivative gain (PD) controller when implementing a virtual wall, a set of simple
experiments are conducted using the Freedom 6S. Only the first joint is tested and
the other five joints are physically locked in place so no relative motions occur.
By reducing the number of DOF of Freedom 6S, the fuzzy logic implementation
can be demonstrated without introducing the unnecessary complexity in dynamics
resulting from a device with higher DOF.
A virtual wall is located at joint position equal to 0 radian. Penetration of the
wall happens when the joint is moved to less than 0 radian. For each test, the user
holds on to the end effector and moves the locked arm from free space (i.e. joint 0
position is larger than 0 radian) towards the wall at various approach speeds. The
position and velocity of joint 0 are recorded for each test to indicate the level of
chattering upon wall contact. A schematic is shown in Figure 5.1 describing the
equipment experimental setup. The wall is modelled as a set of spring and damper
in series. The determination of the spring stiffness (i.e. wall stiffness, P) and the
damping coefficient (i.e. D) is described in Section 5.3 for using a PD controller
approach. In terms of the fuzzy approach, the two parameters are fuzzified and the
methodology used to determine these parameters are described in Section 5.5.
For both approaches, switching of gains is required when the user moves the link
in and out of the virtual wall located at 0 radian. Torque, τ , is only computed from
the controller (i.e. the PD controller or the fuzzified PD controller) when the joint
position, q, is smaller than 0 radians. A block diagram in Figure 5.2 outlines the
control strategy used to simulate a virtual wall.
5.3 Virtual Wall Parameters Modelled by a PD
Controller
It is desirable to choose virtual wall parameters (i.e. P and D) to provide a solid
feeling wall. These parameters can be viewed as PD controller gains as well as wall
stiffness and damping. For a set of proportional and derivative (PD) gains with
large magnitudes, a lot of vibration results when the manipulator is making contact
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Figure 5.1: A schematic showing the virtual wall location with respect to the position
of joint 0.
with the virtual wall. The linear control law which computes the wall contact force
to be exerted onto the user is u = k1*q + k2 * q̇, where u is the torque, k1 is the
proportional gain, q is the joint position, k2 is the derivative gain, and q̇ is the joint
velocity. k1 and k2 are chosen to be 100 and 100 respectively. This PD combination is
good for demonstrating chattering phenomenon observed from virtual wall contact.
The results from using this set of PD gains are to be compared with the results
generated from the fuzzy parameters in the latter sections.
5.4 Deterministic Method in Fuzzy Control
The following sections discuss the development work that leads to the fuzzy con-
troller design. The background assumes the reader has a basic level of understanding
of fuzzy logic from Section 2.6.2.
In the work of Kubica [60], a method of mapping linear controllers into fuzzy
controllers is developed. This is advantageous for fuzzy controller design because
if the linear controller is known, the mapping provides an exact equivalence fuzzy
Control of Vibration during Virtual Wall Contact 67
Figure 5.2: A block diagram showing the simulation of a virtual wall using PD
parameters.
controller which is a good starting point from which fuzzy reasoning can be added
to customize the design to achieve stability. Using a PD controller as a starting
point, this section outlines the steps required to transform the linear controller into
the fuzzy domain as done in [60].
Step 1: Creating membership functions from a linear controller
Assuming a system with two inputs and one output and the given linear con-
troller takes the form of
y = kz + c
where k is the 1x2 gain matrix, z is the 2x1 state vector (e.g. position, velocity), c
is the 2x1 offset vector.
The first step to the fuzzy mapping is to construct input memberships. However,
for this mapping to be done correctly, there are three conditions which must be met
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when constructing the input membership functions.
1. Membership functions must be triangular in shape.
2. Fuzzy sets must be constructed such that the sum of the membership functions
at a given input value must add up to 1. More specifically in mathematical
terms:
Given the two fuzzy sets A0i and A
1
i with the respective membership functions
µA0i and µA1i ,
µA0i (zi) + µA1i (zi) = 1 (5.1)
where A0i refers to the 0
th fuzzy set of input i ; A1i refers to the 1
st fuzzy set
of input i ; µA0i is the membership function of the fuzzy set, A
0
i ; µA1i is the
membership function of the fuzzy set, A1i ; i is the subscript referring the input
(i.e. i = 1,2 for two inputs) ; zi is the crisp input value.
The domain of zi is also constrained such that Ā0i ≤ zi ≤ Ā1i where µAρi (Ā
ρ
i )=1
and ρ = 0, 1. In another word, the crisp input must be between the centroids
of two consecutive fuzzy sets where each centroid has a membership function
of value 1.
3. Each input has non-zero membership grades in only two fuzzy sets, A0i and
A1i for i=1,2. This means that there can only be at most 2 fuzzy sets both
contributing non-zero membership function values for each input.
When these three conditions are met, then linear interpolation can be used to find
the membership function value of a given input. Note the relationship to Equation




= 1− µA1i (zi) (5.2)
Step 2: Fuzzy Associative Memory
The Fuzzy Associative Memory (FAM) is the rule-base used to determine the
fuzzy outputs given the fuzzy inputs. For this example of a 2 input and 1 output
system, the FAM can be organized in the table as follows:
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Each combination of fuzzy sets from each input is associated with a rule, noted
as Bk, where k is the output rule number starting from 0. Table 5.1 shows the
general structure of the FAM.
Step 3: Output Membership Functions
For the mapping to work correctly, output membership functions have to be fuzzy
singletons located at B̄0, ..., B̄2n−1 for sets B0, ..., B2n−1, where n is the number of




















2 + c (5.3)
Calculating using the control gains, k1 and k2, the fuzzy singletons are related
to the fuzzy sets in the order presented in the FAM table.
Step 4: Defuzzification
To change from the fuzzy domain to a crisp output value, the centroidal defuzzi-






µA01(z1)µA02(z2) + µA01(z1)µA12(z2) + µA11(z1)µA02(z2) + µA11(z1)µA12(z2)
Using the constraints from Equation 5.1, the denominator simplifies to 1. Then,
the output calculation simplifies to:
Input 1







Table 5.1: An example of a FAM.
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y0 = B̄
3 + (B̄1 − B̄3)µA01(z1) + (B̄2 − B̄3)µA02(z2) (5.4)
Following steps 1-4 described above, an equivalent fuzzy controller is produced
given the linear controller. This can be confirmed by substituting Equations 5.2 and
















= k1z1 + k2z2 + c
= kz + c
The substitutions indeed simplify to Equation 5.1 as shown.
5.5 Design of Fuzzy Controller
As outlined in Section 2.6.2 , the overall structure of the fuzzy controller can be
described by three stages: 1) fuzzifying the inputs; 2) inferencing based on a fuzzy
associative memory relating inputs to outputs; 3) defuzzifying the output. For our
virtual wall application, the initial design of the fuzzy controller is constructed such
that it has an equivalent performance as the linear PD controller described in Section
5.3. Afterwards, logical reasoning can be applied to construct the fuzzy associative
memory (FAM) by modifying the initial design. In order to map the linear PD con-
troller into an equivalent controller in the fuzzy domain, the membership functions
must satisfy the set of constrains described in Section 5.4.
5.5.1 Input Membership Functions
For the one DOF Freedom 6S application, the two inputs, joint, q, position and
joint velocity, dq, can be represented by two groups of membership functions. The
three conditions outlined in Section 5.4 are met to ensure that the characteristics
of the PD controller are preserved in the fuzzy domain. In order to determine
the number of membership functions necessary, some initial testing using the PD
gains are performed. From the recorded joint position, a range in which a lot
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of chattering occurs (i.e. the range of interest) would be allocated with a denser
number of membership functions. Similar logic is applied to the joint velocity and
the respective range of interest can be defined. Table 5.2 summarizes the universe
of discourse, the range of interest, and the number of membership functions for
each range. The number of membership functions listed in Table 5.2 is an initial
estimate. If the result does not give a smooth transition within the workspace, more
membership functions can be added.
Input Universe of Discourse Range of Interest
Joint Position [-0.55851 0.69813] rad (13 MFs) [-25e-3 5e-3] rad (5 MFs)
Joint Velocity [-10 10] rad/s (13 MFs) [-5 5] rad/s (7 MFs)
Table 5.2: The fuzzy domain for the two inputs and their respective number of
membership functions. Note: “MFs” stands for membership functions.
The membership functions are presented graphically in Figures 5.3 to 5.5. Note
that the 13 membership functions describing the universe of discourse for joint po-
sition (Figure 5.3) include the 5 densely-spaced membership functions within the
range of interest. For joint velocity, the range of interest is described by 7 mem-
bership functions with a total of 13 membership functions describing the universe
of discourse (Figure 5.5). For both the position and velocity, the mid-sets center
at zero. Figure 5.4 is a zoom-in figure of Figure 5.3. Similarly, there are more
densely-packed membership functions describing the range of interest in terms of
joint velocity in Figure 5.5.
A specific set of naming conventions is used to name input and output member-
ship functions. For input membership functions, the naming convention can be seen
as labels on Figures 5.3 to 5.5. N i, Z, and P i refer to negative, close to zero and
positive values respectively and i refers to the ith fuzzy set. The subscript associated
with the naming convention, as indicated on Figures 5.3 to 5.5, refers to the input
that the membership is associated with (e.g. N iq describes negative values for joint
position, P idq describes positive values for joint velocity). If no subscript is present,
then that membership function is referred to an output membership function (e.g.
N i alone describes negative values for output torque, see Figure 5.6).
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Figure 5.3: Input membership functions of joint position over the universe of dis-
course.
5.5.2 Fuzzy Associative Memory (FAM) and Output Mem-
bership Functions
The general concept of FAM is described in Section 2.6.2. FAM can be viewed as a
rule-based of the form:
IF q is A AND q̇ is B THEN τ is C.
where q is the joint position, A refers to an input membership function describing
the joint position, q̇ is the joint velocity, B refers to an input membership func-
tion describing the joint velocity, τ is the output torque, C refers to an output
membership function describing the torque.
From the initial testing, the recorded motor current reveals that the motor output
is at its maximum during chattering. An intuitive choice is to change the output
sets to reduce the motor current in the input regions where chattering occurs. Later
on, heuristic testing is done to determine the rules in the FAM with the objective
of providing a stable and solid feel when in contact with the virtual wall.
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Figure 5.4: Input membership functions of joint position over the range of interest.
Figure 5.6 shows the output membership functions (i.e. N86,...N1,P 1,...P 31,Z0...)
with different joint position and velocity combinations. Again, the N , P , and Z
refer to negative, positive, and zero values respectively of the output membership
function and the associated superscripts refer to the index of the output fuzzy set.
For example, N86 refers to the negative output membership function of the 86th
fuzzy set. With 13 membership functions for each input and allowing 1 output rule
for every input condition, there are 13x13 output sets representing the commanded
output torques to the motor. The following example demonstrates how one of
the output rules, N2, is calculated. Referring to Figure 5.6, the N2 output set
(highlighted in the table) results when joint position is within the domain described
by the N2q membership function (Figure 5.4) and when joint velocity is within the
domain described the Z0dq membership function (Figure 5.5). Then, N
2 is calculated
by:
N2 = k1 ×N2q max + k2 × Z0dqmax (5.5)
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Figure 5.5: Input membership functions of joint velocity over the universe of dis-
course.
(5.6)
where N2 represents the negative value for the 2nd torque output set, k1 is the
proportional gain from the virtual wall parameters, N2q max is the maximum value
of the position input fuzzy set N2q , k2 is the derivative gain from the virtual wall
parameters, Z0dqmax is the maximum value of the velocity input fuzzy set Z
0
dq.
Note that the ranges of the defined inputs listed in Figure 5.6 are over the entire
universe of discourse (i.e. the 13x13 combinations of input membership functions) of
the robot workspace which is not necessarily equal to the operating ranges. Only the
ranges of interest are tested and the corresponding rules are modified. Physically,
these ranges describe the operation when the link is close to the boundary of the
virtual wall. Again, the ranges of interest are position within [-25e-3:5e-3] radians
and velocity within [-5:5] radians/s. When these domains are fuzzified according to
the input membership functions from Figures 5.4 and 5.5, they are equivalent to






q and the velocity range described



















dq. This range is defined as everything inside the thick
border lines on Figure 5.6.
Continuing to study Figure 5.6, the Z represents zero torque output set and this
situation occurs when the joint position is greater than 0 radian (i.e. the locked
arm is outside of the virtual wall). In terms of the other output sets, the prefix P
indicates positive output torque set and the magnitude increase with the associated
numeric suffix (i.e. P 10 is a smaller torque than P 11). Similarly for the prefixes N ,
it refers to a negative torque output set (i.e. N47 is a more negative torque than
N46). The table contains the originally calculated rules based on the PD gains (i.e.
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similar to the example done in Equation 5.6) as well as the modified rules based on
heuristic testing which are indicated within “()” in Figure 5.6.
From the FAM, the rules are changed for the region near the boundary of the
wall to minimize the chattering and within the operating range of input velocity.
Physically, a positive calculated output membership value of torque in FAM means
a pull on the user while a negative calculated torque means a push on the user.
The original rules of N57,...,N53, N44,...,N40, N31,...,N27, N18,...,N14 and N5,...,N3,
P 10,...,P 13, P 22,...,P 26 are modified to reduce the magnitude of the output torque to
achieve stability. Rules P 1 and P 2 are used when the user is in the wall boundary
and when the user’s velocity is slightly more positive (i.e. user is pulling away from
the wall) to create a small resistance as the user to is exiting the wall. At higher
velocity the rule is not modified because the velocity is out of the operating range.
5.5.3 Defuzzification
After calculating the output rules in the FAM, the defuzzification process is carried
out to compute the output value. The defuzzification process is the computation
of a weighted average of the individual centroids of the output sets for each of
the contributing rules (see Section 5.4). This is best demonstrated with another
example. Suppose given a joint position of -0.0125 radian (belongs to both the N3q
and N2q membership functions) and a joint velocity of 1.8 rad/s (belongs to both
the P 1dq and P
2
dq membership functions), this combination of inputs is labelled on
Figure 5.6 as ”used in defuzzification example”. To calculate the output membership
function using the values determined from heuristic testing:
y0 =
N1µN3q µP 1dq + N
1µN2q µP 1dq + P
1µN3q µP 2dq + P
1µN2q µP 2dq
µN3q µP 1dq + µN2q µP 1dq + µN3q µP 2dq + µN2q µP 2dq
where y0 is the output torque, N
1 is a negative output rule value, µN3q is the value
of the membership function N3q evaluated at position = -0.0125, µP 1dq is the value
of the membership function P 1dq evaluated at velocity = 1.8, µN2q is the value of the
membership function N2q evaluated at position = -0.0125, µP 2dq is the value of the
membership function P 2dq evaluated at velocity = 1.8.
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Figure 5.7: Relationship between output
torque, joint position and velocity when us-
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Figure 5.8: Relationship between output
torque, joint position and velocity when us-
ing a fuzzy controller.
This will give an output torque value that is the average of the weights of the
relevant membership functions.
5.6 Linear PD Controller and Fuzzy Controllers
Comparison
Figures 5.7 and 5.8 graphically show the output torques resulting from the PD
controller and the fuzzy controller respectively. In Figure 5.7, the horizontal plane
(i.e. zero output torque) represents the region outside of the virtual wall. A plane
with an inclined angle is the resultant torque (τ) calculated using a PD controller at
different joint position (q) and velocity (q̇) based on the linear relationship τ = Pq +
Dq̇. In Figure 5.8, a torque output resulting from the fuzzy controller is presented.
The effect in output rule modifications near the boundary of the wall can be seen
as the ripples in the mesh plot. To graphically accentuate the difference between
PD and fuzzy controllers, Figure 5.9 presents a mesh plot of their difference. The
difference in torque is based on the modifications done to the rules governing the
output fuzzy sets of the operating range close to the virtual wall boundary.






































Figure 5.9: The difference in torque between using a PD controller and a fuzzy
controller.
5.7 Experimental Result
5.7.1 A Comparison between PD and Fuzzy Controllers in
Virtual Wall Contact Application
The objective of implementing the fuzzy controller is to reduce chatter for the user
when encountering a virtual wall. A set of tests are done to tune the fuzzy controller
to formulate the FAM in Section 5.5.2. This is done by first reducing the magnitude
of torque through a reduction in the magnitude of the output rules in the operating
range. Then, the magnitude of the output rules are gradually increased to a level
where a solid wall contact is felt by the user without resulting in vibrations. Figures
5.10 to 5.12 summarize the results of using PD and fuzzy controller with different
approach speeds (i.e. the speed at which the user hits the virtual wall). The three
approach speeds are slow (speed < 1 rad/s), medium (1 rad/s < speed < 2 rad/s),
and fast (2 rad/s < speed).
With all the approach speeds, the fuzzy controller provides a better feel of a solid
wall than the PD controller. This is deduced by the relatively stable joint position
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Figure 5.10: A comparison in joint posi-
tion, when contacting the virtual wall with
a slow approach speed, between using a PD
controller and a fuzzy controller.





















Figure 5.11: A comparison in joint posi-
tion, when contacting the virtual wall with
a medium approach speed, between using
a PD controller and a fuzzy controller.






















Figure 5.12: A comparison in joint posi-
tion, when contacting the virtual wall with
a fast approach speed, between using a PD
controller and a fuzzy controller.
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(at around 0 radian where the virtual wall is located) at all approach speeds when
a fuzzy controller is implemented. When a PD controller is used, a lot of vibrations
are felt by the user and it is evident in the recorded joint position at all approach
speeds. This is a proof-of-concept for the effectiveness of using a fuzzy controller on
virtual wall applications.
In addition to improving the sense of touch against a virtual wall, an unrelated
observation from the results of these experiments is made. When using a PD con-
troller, the steady state joint position, which is equivalent to the location of the wall
boundary perceived by the user, differs with different approach speeds. To further
investigate this hypothesis, an additional set of experiment is performed with the
same virtual wall test set up.
5.7.2 The Relationship Between Perceived Wall Boundary
and Approach Speed
This set of experiments is to investigate the relationship between the perceived wall
boundary and the approach speed with a PD controller implemented as the virtual
wall. Again, only the first joint is tested with the rest of the joints locked in place.
The approach speed is categorized the same way as Section 5.7.1: slow (speed
< 1 rad/s), medium (1 rad/s < speed < 2 rad/s), and fast (2 rad/s < speed).
The user is to swing the locked arm towards a virtual wall located at 0 radian at
different speeds. The joint position and velocity are recorded until the steady state
is reached. The test is repeated several times for each approach speed and the results
are presented in Figure 5.13.
Only two tests for each speed are presented. The y-axes are scaled identically
for the three graphs to facilitate comparison. The objective of these tests is to see
if the user is able to correctly identify the wall boundary. For fast approach speeds,
there are a lot of vibrations and the user perceives the wall boundary to be at about
-0.05 radians (i.e. 0.05 radians penetrated into the wall). There is less penetration,
only 0.02 radians, when this test is done with medium approach speeds. With the
slow approach speed, the results exhibit the most ideal virtual wall contact with
the least vibration and the least wall penetration. From these tests, it is deduced
that when the approaching speed is fast, the user would perceive the boundary of
the wall to be further into the actual wall boundary. Starting at the beginning
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Figure 5.13: The result of using the a PD controller with different approaching
speeds.
when the user moves from rest, the force exerted by the user is greater when the
approaching speed is high. This greater exerted force from the user would cause
more wall penetration. In return, a given set of PD parameters would return a high
resistance force. Depending on the tightness of the grip of the user’s hand, vibration
of various magnitudes would result. With the vibration felt by the user, the grip
tightness would generally increase and the exerted force towards the inside of the
wall is likely to decrease. This is because the dampened vibration force makes it
feels like that something has been hit. Hence, the vibration felt is altering the user’s
perception of the location of the wall boundary. It can be observed from the tests
that the wall boundary is perceived more accurately when a slower approach speed
is used.
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5.8 Chapter Summary: Control of Vibration
during Virtual Wall Contact
In this chapter, two different sets of virtual wall experiments using the joint 0 of
Freedom 6S are performed. The first set of experiment is to compare the perfor-
mance of a PD controller with that of a fuzzy controller. It is proven that a fuzzy
controller has the capability to provide a solid feel to the user upon the contact
of a virtual wall by the end effector. The implementation of the fuzzy controller
can eliminate the vibration that would otherwise be produced by a PD controller
implementation. Since the vibration is caused by hardware limitation (see Section
2.5), the implementation of a fuzzy controller is a feasible software solution for a
hardware limitation.
The second set of experiments is to investigate the relationship between the ap-
proaching speed towards a virtual wall and the steady state position using a PD
controller. It is concluded through repeated experiments that a higher approaching
speed would lead to an inaccurate perception of the wall boundary. The chattering
resulting from the high speed interaction is actually the cause of such altered per-
ception. With a slower approaching speed, the wall boundary can be detected more
accurately by the user.
Chapter 6
Conclusions and Future Research
There are two major objectives of this thesis. The first objective is the development
and use of system identification methods to dynamically model the Freedom 6S
haptic device. By verifying the correctness of the system identification approaches
on the Freedom 6S, it demonstrates the potential of the modeling technique being
applied to other haptic devices. The second objective of the thesis is to minimize
the chattering effect during virtual wall contact by using fuzzy logic. This also
illustrates the capacity of fuzzy logic in improving the traditional user and virtual
wall interaction.
6.1 Summary of Results and Conclusions
The following sections summarize the results from this thesis in terms of the Freedom
6S modelling and the minimization of chattering in virtual wall contact with the
use of fuzzy logic.
6.1.1 System Modelling
The Freedom 6S is a 6 DOF haptic device characterized by nonlinear system dynam-
ics. Its overall model is the amalgamation of Lagrangian dynamics and additional
non-linearities including LuGre friction and cable drag. With the large number of
unknowns in this analytical model, two system identification methods are proposed
to identify the unknowns systematically. Both of them rely on knowing the dy-
83
Conclusions and Future Research 84
namic equations of the device to generate a subset of dynamic equations describing
the joint(s) of interest. Through a locking sequence, test data is generated by ex-
citing the different lock joint configurations with signals of varying amplitudes and
frequencies. These test results are then used to create cost functions with the subset
dynamic model used in an optimization routine. The optimization then determines
the values of the unknown parameters that would best fit the measured data. By
doing similar tests and optimizations on different lock joint configurations, all the
unknowns are systematically identified.
The first identification method, the method of isolated joint, allows for unknowns
to be grouped by the joint of the manipulator. The isolated joint method has
the advantage of having the least number of unknowns to be identified at each
step. The results presented in Section 4.2.3, however, show the lack of robustness
of this technique. Despite the fact that at each step the optimization routine is
able to determine the values that would best fit the behaviour of one joint, it is
unable to produce a model that would accurately describe the device when joints are
moving simultaneously. By only considering the behaviour of the joints individually,
the subset of dynamic equations neglects the importance of coupling terms during
optimization. Hence, the overall parameter identification generates unsatisfactory
results.
The second identification method, the method of coupling joints, identifies the
unknown parameters with more than one free joint at a time. Although the number
of parameters to be identified at one time has increased, the coupling behaviour
of the device can now be captured in the test data using this arrangement. As
well, the coupling effects in the tendon-driven wrist become more apparent and the
beating phenomenon observed is used to further confirm input couplings between
the last two wrist joints. The parameters determined from this method is able to
describe the overall dynamic system of the device as seen from the results presented
in Section 4.4.
The final verification of the identified model is confirmed by using a closed-
loop system with tuned PD gains. The simulation results, as discussed in Section
4.5, show promising similarities with the measured results for all joints. A very
important observation made is that one has to make sure the routing of tendons
are wounded such that little to no overlapping of tendons exists when tendons are
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wrapped over the pulleys. When routing of tendons is done properly, the interaction
of inputs between the last two joints only affects the roll joint (joint 4) and not the
yaw joint (joint 5).
6.1.2 Control of Vibration during Virtual Wall Contact
Again using the Freedom 6S as a haptic device, the vibration phenomenon resulting
from the user-to-virtual-wall interaction is explored. Traditionally, a virtual wall,
modelled by a spring and a damper, might cause a lot of vibration to the user near
the wall boundary due to low sampling rate and/or position sensors with insufficient
resolution. An easy and cost-effective way to reduce such “jittering” sensation from
the device is to use a fuzzy controller in place of a PD controller. Starting from a
PD controller, a final fuzzy controller is designed using fuzzy reasoning. In Section
5.7.1, the performances of using a PD controller and of using a fuzzy controller on
a virtual wall application are compared. The fuzzy controller has the capability of
reducing the jittering effects around the wall boundary and allows the user to feel
the wall surface more effectively. Essentially, a more systematic approach to the
development of a fuzzy logic controller is presented.
6.1.3 Relationship between Approaching Speed of the User
and the Steady State Position using a PD Controller
An additional observation is made from the virtual wall experiments using a PD
controller (i.e. a spring and damper system). It appears that the higher the user
approach speed, the more inaccurate the perception of the location of the wall
boundary. High approach speed usually causes much chattering around the wall
boundary, known generally as the discretization phenomenon, due to the quick
change of position with time. With much vibration, the user’s perception of the
wall boundary is further into the actual wall boundary because more force is likely
to be exerted by the user in an attempt to grab onto the jittering end effector. If the
user approaches the wall slowly, less vibration occurs and the user is less inclined to
output as much force and hence, the steady state occurs closer to the wall boundary.
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6.2 Future Research
The general applications extending from this thesis include the use of the system
identification methods proposed to model other haptic devices. Also, the system-
atic approach on designing fuzzy logic controllers is applicable for general fuzzy
controller designs in other applications. A few specific applications of the Freedom
6S model and future research topics for using fuzzy logic on virtual wall simulations
are suggested in the following sections.
6.2.1 Model of Freedom 6S
The complete identified dynamic model of Freedom 6S can now be used to create
better haptic effects. With the mass, inertia and friction characteristics known, it
is desirable to have these quantities “eliminated” so that the user does not feel the
load of the device during a free-space work mode. For similar operating points as
the inputs used in Section 4.3, the parameters of the model can be used to calculate
the torque commands required for the motors to output the equivalent torques to
cancel out the inertia and friction effects felt by the user. At this point, a free-space
and low-resistance three dimensional motion can be achieved.
With the availability of this dynamic model, it facilities all the future research
on controller designs and implementation of Freedom 6S. With a simulation of 15
minutes for 1 minute of input data, it allows for relatively quick prediction of the
behaviour of the hardware.
6.2.2 Fuzzy Controller on Virtual Wall Application
In this thesis, the fuzzy controller is applied to a 1 DOF system only. It is ideal
to confirm the findings from this simple system by implementing the same type of
controller on systems with higher DOFs. With increasing DOFs, the interaction
between the joints must be considered and modifications to the FAM must be made
to accommodate for coupling effects between joints.
With the availability of the Freedom 6S dynamic model, it is possible to simulate
virtual wall contact with an additional human model representing the input to the
virtual environment system. This facilitates the offline tuning of the fuzzy logic
controller to the desired characteristics of the virtual environment (i.e. rigidity of a
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virtual wall). In addition, it is ideal to develop strategies on tuning the output rules
automatically instead of using purely heuristic testing. This can potentially shorten
the development time of the fuzzy controller and it enables a more thorough search
of suitable parameters for the output sets.
Appendix A
The Relationship between the
Kinematics Derived from DH
Representation and from the SDK
The end frame (fe) produced by the kinematics based on the DH convention mea-
sures the endpoint based on the origin at f0 of Figure 3.2. The Cartesian endpoint
described by the SDK, however, measures from an origin located coincidentally with
the endpoint when all joints are at 0 radians. In addition, the orientation of the
frames are different. The Cartesian endpoint conversion between the two systems
is provided in Equations A.1 to A.3. The units are in meters.
SDKx = −(DHy + 0.23) (A.1)
SDKy = DHx + 0.2 (A.2)
SDKz = DHz (A.3)
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Appendix B
Derivation of Equations of Motion
from Euler-Lagrange Equations
The derivation of equations of motion from Euler-Lagrange equations is a summary
from [28]. The Lagrangian is defined as:
L = K − V (B.1)
where K is the kinetic energy and V is the potential energy.








where L is the Lagrangian, qj is the general coordinate of the j-th frame, j = 1, ..., n,
n is the number of generalized coordinates.
To obtain the general equation of motion from the Euler-Lagrange equations,
two conditions must be satisfied:
1. The kinetic energy is a quadratic function of the velocity vector.
Kinetic energy of a robot, which can be expressed as a function of the velocity





where D is the nxn inertia matrix.
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2. The potential energy of the system is independent of velocity.





where mp is the mass of the p-th object , g is the gravity vector, sp is the
displacement vector measured from a fixed inertial frame to the center of
mass of the p-th object.
The calculation of potential energy depends on the position of the object only
and it is independent of velocity.
Now calculating the terms required for Equation B.2:






dij(q)q̇iq̇j − V (q)
where dij is the i,j-th element of the D matrix.




















































By noting the symmetry in the summation and by interchanging the order of


























The term emphasized by the underbraced bracket is called a Christoffel symbol,
ci,j,k.





By combining Equations B.9 and B.10, the equations of motion as seen in Equa-
tion 3.5 results:
D(q)q̈ + C(q, q̇)q̇ + φ(q) = τ (B.11)





T Jvci(q) + Jωi(q)
T Ri(q)IiRi(q)
T Jωi(q) (B.12)
where n is the number of links of the robot, mi is the mass of link i, Jvci is the 3x6
linear portion of the Jacobian matrix based on the center of mass of link i, Jωi is the
3x6 angular portion of the Jacobian matrix based on the center of mass of link i, Ri
is the 3x3 rotational matrix describing link i based on an inertial reference frame,
Ii is the 3x3 inertia matrix.















where dkj is the k,j-th element of the D matrix, qi is the joint position of link i, q̇i
is the joint velocity of joint i.
Appendix C
Scripts from Maple: Generating
Inertia, Christoffel, and Gravity
Effect Matrices
The following code can be saved as a .txt to be executed in Maple when all “-” are
replaced by “#”. This script generates the inertia D, Christoffel C, and gravity
effect φ matrices.
restart:
–declare Maple Libraries with(LinearAlgebra):
———————————————————————-
–declare symbolics for angles, angular velocities, angular accelerations, base angles
–joint angles
q := Vector[row] ( 6, [ q1, q2, q3, q4, q5, q6 ] ):
dq:= Vector[row] ( 6, [ dq1, dq2, dq3, dq4, dq5, dq6 ] ):
ddq:=Vector[column] ( 6, [ ddq1, ddq2, ddq3, ddq4, ddq5, ddq6 ] ):
–base angles (set manually)
b := Vector[column] ( 3, [ b1, b2, b3]): –b3 is not used
–length of each links
– L1 is NOT used since the first link needs three coordinates to describe (i.e. L1x, L1y, L1z )
-these three are the cm coordinate measured from frame 0 and will be defined in the section below




–mass of each link
m := Vector[row] ( 7, [ m1, m2, m3, m4, m5, m6, m7 ] ):
———————————————————————-
–declare symbolics for location of center of mass wrt frame assignment
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–coordinates for center of mass of each link
xyz1 := Vector[column] ( 3, [ x1, y1, z1 ] ): xyz2 := Vector[column] ( 3, [ x2, y2, z2 ] ):
xyz3 := Vector[column] ( 3, [ x3, y3,z3 ] ):
xyz4 := Vector[column] ( 3, [ x4, y4, z4 ] ):
xyz5 := Vector[column] ( 3, [ x5, y5, z5 ] ):
xyz6 := Vector[column] ( 3, [x6, y6, z6 ] ):
xyz7 := Vector[column] ( 3, [ x7, y7, z7 ] ):
———————————————————————-
–declare symbolics for inertia of each link
–inertia of each link - note inertia matrix: Transpose(I) = Transpose
I1 := Matrix( 3, 3, [ [ I1 11, I1 12, I1 13 ], [ I1 12, I1 22, I1 23 ], [ I1 13, I1 23, I1 33 ] ] ):
I2 := Matrix( 3, 3, [ [I2 11, I2 12, I2 13 ], [ I2 12, I2 22, I2 23 ], [ I2 13, I2 23, I2 33 ] ] ):
I3 := Matrix( 3, 3, [ [ I3 11, I3 12, I3 13 ], [ I3 12, I3 22, I3 23 ], [ I3 13, I3 23, I3 33 ] ] ):
I4 := Matrix( 3, 3, [ [I4 11, I4 12, I4 13 ], [ I4 12, I4 22, I4 23 ], [ I4 13, I4 23, I4 33 ] ] ):
I5 := Matrix( 3, 3, [ [ I5 11, I5 12, I5 13 ],[ I5 12, I5 22, I5 23 ], [ I5 13, I5 23, I5 33 ] ] ):
I6 := Matrix( 3, 3, [ [I6 11, I6 12, I6 13 ], [ I6 12, I6 22, I6 23 ], [ I6 13, I6 23, I6 33 ] ] ):












TransMtx := proc( Theta, Trans z, Trans x, Alpha )
Matrix( 4, 4, [ [ cos(Theta), -sin(Theta)*cos(Alpha), sin(Theta)*sin(Alpha), Trans x*cos(Theta) ], [ sin(Theta),
cos(Theta)*cos(Alpha), -cos(Theta)*sin(Alpha), Trans x*sin(Theta) ], [ 0, sin(Alpha), cos(Alpha), Trans z ], [ 0,
0, 0, 1 ] ] ):
end proc:
———————————————————————-
DH1 f0 f1 := proc()
f0 f1 := TransMtx( q[1], 0, 0, Pi/2 ):
end proc:
———————————————————————-
DH1 f1 f2 := proc()
f1 f2 := TransMtx( q[2], L[2], 0, -Pi/2):
end proc:
———————————————————————-
DH1 f2 f3 := proc()
f2 f3 := TransMtx( q[3]-Pi/2, 0, 0, -Pi/2 ):
end proc:
———————————————————————-
DH1 f3 f4 := proc()
f3 f4 := TransMtx( q[4], - L[5]-L[6], 0, Pi/2 ):
end proc:
———————————————————————-
DH1 f4 f5 := proc()
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f4 f5 := TransMtx( q[6]-Pi/2, 0, 0, -Pi/2 ):
end proc:
———————————————————————-
DH1 f5 fe := proc()
f5 fe := TransMtx( q[5], L[7], 0, 0 ):
end proc:
———————————————————————-
DH2 f0 f1 := proc()
f0 f1 := TransMtx( q[1], 0, 0, Pi/2 ):
end proc:
———————————————————————-
DH2 f1 f2 := proc()
f1 f2 := TransMtx( q[2], 0, 0, -Pi/2):
end proc:
———————————————————————-
DH2 f2 f3 := proc()
f2 f3 := TransMtx( q[3], 0, L[3], 0 ):
end proc:
———————————————————————-
DH2 f3 fe := proc()
f3 fe := TransMtx( -q[3]-Pi/2, 0, L[4], 0 ):
end proc:
———————————————————————-
DH3 f0 fe := proc()
f0 f1 := TransMtx( q[1]+Pi/2, L1z, L1x, 0 ):
TranslationMtx := Matrix ( 4, 4, [ [ 1, 0, 0, 0 ], [ 0, 1, 0, L1y ], [ 0, 0, 1, 0 ], [ 0, 0, 0, 1 ] ] ):
f0 fe := f0 f1 . TranslationMtx:
end proc:
———————————————————————-
FindTransVec := proc( A )
Vector[column]( 3, [ A[1,4], A[2,4], A[3,4] ] ):
end proc:
———————————————————————-
FindRotMtx := proc( A )
Matrix( 3, 3, [ [ A[1,1], A[1,2], A[1,3] ], [ A[2,1], A[2,2], A[2,3] ], [ A[3,1], A[3,2], A[3,3] ] ] ):
end proc:
———————————————————————-
FindJv := proc( d )
-d comes in as 3x1 vectors
Jv := Matrix( 3, DOF ):
for i from 1 by 1 to DOF do
for j from 1 by 1 to 3 do






Findw := proc( R, JointAngle )
-R is 3x3 Rotation matrix
Temp := Matrix( 3, 3 ):
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for col from 1 by 1 to 3 do
for row from 1 by 1 to 3 do
–diff function is used on algebraic expr, not matrix
Temp[ row, col ] := diff( R[ row, col ], JointAngle ):
end do:
end do:
wMtx := Temp . Transpose( R ):
w := Vector[column]( 3, [ wMtx[3,2], wMtx[1,3], wMtx[2,1] ] ):
end proc:
———————————————————————-
FindJw := proc( R1, R2, R3, R4, R5, R6 )
-each input is a 3x3
w1 := Findw( R1, q[1] ):
w2 := Findw( R2, q[2] ):
w3 := Findw( R3, q[3] ):
w4 := Findw( R4, q[4] ):
w5 := Findw( R5, q[5] ):
w6 := Findw( R6, q[6] ):
Jw := Matrix( 3, DOF, [ w1, w2, w3, w4, w5, w6 ] ):
end proc:
———————————————————————-
NonNumericScalarMultiplyMatrix3x6 := proc( s in1, Mtx )
Matrix( 3, 6, [ [ Mtx[1,1] * s in1, Mtx[1,2] * s in1, Mtx[1,3] * s in1, Mtx[1,4] * s in1, Mtx[1,5] * s in1, Mtx[1,6] *
s in1 ], [ Mtx[2,1] * s in1, Mtx[2,2] * s in1, Mtx[2,3] * s in1
end proc:
———————————————————————- NonNumericScalarMultiplyVector3x1 := proc( s in2, Vec )
Vector[column]( 3, [ Vec[1] * s in2, Vec[2] * s in2, Vec[3] * s in2 ] ):
end proc:
———————————————————————-
MassMtx := proc( m in, Jv in, Jw in, R in, I in )
-m in = 1x1; symbolic or numeric
-Jv in = 3x6; symbolic
-Jw in = 3x6; symbolic
-R in = 3x3; symbolic
-I in = 3x3; symbolic or numeric
MassM perLink := Matrix( 6, 6 ):
MassM perLink := Transpose( NonNumericScalarMultiplyMatrix3x6( m in, Jv in ) ) . Jv in + Transpose( Jw in )




-SymMassMtx = 6x6 6DOF mass matrix
for k from 1 by 1 to 6 do
for i from 1 by 1 to 6 do
for j from 1 by 1 to 6 do








for k from 1 by 1 to 6 do
for j from 1 by 1 to 6 do
for i from 1 by 1 to 6 do
if (i = 1) then
C6x6[ k, j ] := c[ i, j, k ] * dq[i]
else








Matrix( 6, 6, [ [ C6x6[1,1], C6x6[1,2], C6x6[1,3], C6x6[1,4], C6x6[1,5], C6x6[1,6] ], [ C6x6[2,1], C6x6[2,2], C6x6[2,3],
C6x6[2,4], C6x6[2,5], C6x6[2,6] ], [ C6x6[3,1], C6x6[3,2], C6x6[3,3], C6x6[3,4], C6x6[3,5], C6x6[3,6] ], [ C6x6[4,1],
C6x6[4,2], C6x6[4,3], C6x6[4,4], C6x6[4,5], C6x6[4,6] ], [ C6x6[5,1], C6x6[5,2], C6x6[5,3], C6x6[5,4], C6x6[5,5],




fb1 b2 b0 := TransMtx( b[1], 0, Lx, Pi/2 ) . TransMtx( b[2], Lz, 0, 0 ):
with(linalg):
Temp := inverse( fb1 b2 b0 ):
with(LinearAlgebra):
– Vector representing gravity vector in terms of frame b0
TempVec := Vector[column] ( 3, [ Temp[1,2], Temp[2,2], Temp[3,2] ] ):
– Mapping TempVec into frame 0













-use for other orientation for base angle
s := GravityVec():
-s := Vector[column] ( 3, [ 0, 0, 1 ] ):
V1 := Transpose ( NonNumericScalarMultiplyVector3x1( g, s ) ) . NonNumericScalarMultiplyVector3x1( m[1],
d m1 ):
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V2 := Transpose ( NonNumericScalarMultiplyVector3x1( g, s ) ) . NonNumericScalarMultiplyVector3x1( m[2],
d m2 ):
V3 := Transpose ( NonNumericScalarMultiplyVector3x1( g, s ) ) . NonNumericScalarMultiplyVector3x1( m[3],
d m3 ):
V4 := Transpose ( NonNumericScalarMultiplyVector3x1( g, s ) ) . NonNumericScalarMultiplyVector3x1( m[4],
d m4 ):
V5 := Transpose ( NonNumericScalarMultiplyVector3x1( g, s ) ) . NonNumericScalarMultiplyVector3x1( m[5],
d m5 ):
V6 := Transpose ( NonNumericScalarMultiplyVector3x1( g, s ) ) . NonNumericScalarMultiplyVector3x1( m[6],
d m6 ):
V7 := Transpose ( NonNumericScalarMultiplyVector3x1( g, s ) ) . NonNumericScalarMultiplyVector3x1( m[7],
d m7 ):
V := V1 + V2 + V3 + V4 + V5 + V6 + V7:
for i from 1 by 1 to DOF do
Phi Return[i] := diff( V, q[i] ):
end do:
Vector[column]( 6, [ Phi Return[1], Phi Return[2], Phi Return[3], Phi Return[4], Phi Return[5], Phi Return[6] ] );
end proc:
———————————————————————-
Get3x1From4x1 := proc( Vec )






–Part 1 – 4x4 Transformation Matrice describing each link
EmptyMtx3x3 := Matrix( 3, 3 ):
–DH1 Forward Kinematics and Jacobian T DH1 1 := DH1 f0 f1():
R DH1 1 := FindRotMtx ( T DH1 1 ):
T DH1 2 := T DH1 1 . DH1 f1 f2():
R DH1 2 := FindRotMtx ( T DH1 2 ):
T DH1 3 := T DH1 2 . DH1 f2 f3():
R DH1 3 := FindRotMtx ( T DH1 3 ):
T DH1 4 := T DH1 3 . DH1 f3 f4():
R DH1 4 := FindRotMtx ( T DH1 4 ):
T DH1 5 := T DH1 4 . DH1 f4 f5():
R DH1 5 := FindRotMtx ( T DH1 5 ):
T DH1 e := T DH1 5 . DH1 f5 fe():
R DH1 e := FindRotMtx ( T DH1 e ):
T m2 := T DH1 2:
-d m2 := FindTransVec( T m2 ):
d m2 := Get3x1From4x1( T m2 . Vector[column]( 4, [ xyz2[1], xyz2[2], xyz2[3], 1 ] ) ):
R m2 := FindRotMtx( T m2 ):
Jv m2 := simplify( FindJv( d m2 ) ):
Jw m2 := simplify( FindJw(R DH1 1, R DH1 2, EmptyMtx3x3, EmptyMtx3x3, EmptyMtx3x3, EmptyMtx3x3 ) ):
T m5 := T DH1 3:
-d m5 := FindTransVec( T m5 ):
d m5 := Get3x1From4x1( T m5 . Vector[column]( 4, [ xyz5[1], xyz5[2], xyz5[3], 1 ] ) ):
R m5 := FindRotMtx( T m5 ):
Jv m5 := simplify( FindJv( d m5 ) ):
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Jw m5 := simplify( FindJw( R DH1 1, R DH1 2, R DH1 3, EmptyMtx3x3, EmptyMtx3x3, EmptyMtx3x3 ) ):
T m6 := T DH1 4:
-d m6 := FindTransVec( T m6 ):
d m6 := Get3x1From4x1( T m6 . Vector[column]( 4, [ xyz6[1], xyz6[2], xyz6[3], 1 ] ) ):
R m6 := FindRotMtx( T m6 ):
Jv m6 := simplify( FindJv( d m6 ) ):
Jw m6 := simplify( FindJw( R DH1 1, R DH1 2, R DH1 3, R DH1 4, EmptyMtx3x3, EmptyMtx3x3 ) ):
T m7 := T DH1 e :
-d m7 := FindTransVec( T m7 ):
d m7 := Get3x1From4x1( T m7 . Vector[column]( 4, [ xyz7[1], xyz7[2], xyz7[3], 1 ] ) ):
R m7 := FindRotMtx( T m7 ):
Jv m7 := simplify( FindJv( d m7 ) ):
——– DH1 f4 f5 transformation involves J5 (i.e. q[6] )
——– DH1 f5 fe transformation involves J4 (i.e. q[5] )
——– The Rotational Matrix order must be reversed before inputting to FindJw
Jw m7 := simplify( FindJw( R DH1 1, R DH1 2, R DH1 3, R DH1 4, R DH1 e, R DH1 5 ) ):
–DH2 Forward Kinematics and Jacobian
T DH2 1 := DH2 f0 f1():
R DH2 1 := FindRotMtx ( T DH2 1 ):
T DH2 2 := T DH2 1 . DH2 f1 f2():
R DH2 2 := FindRotMtx ( T DH2 2 ):
T DH2 3 := T DH2 2 . DH2 f2 f3():
R DH2 3 := FindRotMtx ( T DH2 3 ):
T DH2 e := T DH2 3 . DH2 f3 fe():
R DH2 e := FindRotMtx ( T DH2 e ):
T m3 := T DH2 3:
-d m3 := FindTransVec( T m3 ):
d m3 := Get3x1From4x1( T m3 . Vector[column]( 4, [ xyz3[1], xyz3[2], xyz3[3], 1 ] ) ):
R m3 := FindRotMtx( T m3 ):
Jv m3 := simplify( FindJv( d m3 ) ):
Jw m3 := simplify( FindJw( R DH2 1, R DH2 2, R DH2 3, EmptyMtx3x3, EmptyMtx3x3, EmptyMtx3x3 ) ):
T m4 := T DH2 e:
-d m4 := FindTransVec( T m4 ):
d m4 := Get3x1From4x1( T m4 . Vector[column]( 4, [ xyz4[1], xyz4[2], xyz4[3], 1 ] ) ):
R m4 := FindRotMtx( T m4 ):
Jv m4 := simplify( FindJv( d m4 ) ):
Jw m4 := simplify( FindJw( R DH2 1, R DH2 2, R DH2 e, EmptyMtx3x3, EmptyMtx3x3, EmptyMtx3x3 ) ):
–DH3 Forward Kinematics and Jacobian T m1 := DH3 f0 fe():
-d m1:= FindTransVec( T m1 ):
d m1 := Get3x1From4x1( T m1 . Vector[column]( 4, [ xyz1[1], xyz1[2], xyz1[3], 1 ] ) ):
R m1 := FindRotMtx( T m1 ):
Jv m1 := simplify( FindJv( d m1 ) ):
Jw m1 := simplify( FindJw( R m1, EmptyMtx3x3, EmptyMtx3x3, EmptyMtx3x3, EmptyMtx3x3, EmptyMtx3x3
) ):
———————————————————————-
–Part 2 – 6x6 Mass Matrix
DoneForwardKin;
–Making mass matrix of each link
MassMtx1 := simplify(MassMtx( m[1], Jv m1, Jw m1, R m1, I1 ) ):
DoneReadingMassMtx1;
MassMtx2 := MassMtx( m[2], Jv m2, Jw m2, R m2, I2 ):
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DoneReadingMassMtx2;
MassMtx3 := MassMtx( m[3], Jv m3, Jw m3, R m3, I3 ):
DoneReadingMassMtx3;
MassMtx4 := MassMtx( m[4], Jv m4, Jw m4, R m4, I4 ):
DoneReadingMassMtx4;
MassMtx5 := MassMtx( m[5], Jv m5, Jw m5, R m5, I5 ):
DoneReadingMassMtx5;
MassMtx6 := MassMtx( m[6], Jv m6, Jw m6, R m6, I6 ):
DoneReadingMassMtx6;
MassMtx7 := MassMtx( m[7], Jv m7, Jw m7, R m7, I7 ):
DoneReadingMassMtx7;
–Overall mass matrix
SymMassMtx := MassMtx1 + MassMtx2 + MassMtx3 + MassMtx4 + MassMtx5 + MassMtx6 + MassMtx7:
SymMassMtx := simplify( SymMassMtx ):
DoneSimplifyingSymMassMtx;
———————————————————————-
–Part 3 – 6x6 Christoffel symbols
–Making Christoffel symbol of each link
SymChrisSym :=ChrisSym(): SymChrisSym := simplify( SymChrisSym ):
DoneSimplifyingSymChrisSym;
———————————————————————-
–Part 4 – 6x1 Phi
–Making mass matrix of each link




Initial Guesses and Final Values of
Freedom 6S Parameters
The initial values from obtained from SolidWorks and the final parameters
determined from both system identification methods are presented in the table
below.
Parameter Initial Guess Result from Isolated Joint Result from Coupled Joint
Kp0 1.2032 3.2663 1.6534
Kp1 8e-1 2.7194 1.5205
Kp2 1 5.595e-1 4.6094
Kp3 12 1.18876e1 1.4591e1
Kp4 1.3149e1 1.3062 1.3149e1
Kp5 5.4164 2.9052 5.4164
Ks0 1e-1 1.209e-1 1.0469e-1
Ks1 15694e-1 1.93e-2 9.4145e-2
Ks2 4.5936e-2 4.59-2 1.311e-2
Ks3 8e-3 6.4e-3 6.4599e-3
Ks4 3.6946e-3 1.5e-3 3.6946e-3
Ks5 7.8684e-3 1.1e-2 7.8684e-3
qeq0 0 -2.847e-1 -2.1791-2
qeq1 1.6204e-1 1.094e-1 1.9126e-1
qeq2 0 -9.89e-2 -4.5725e-2
qeq3 2.9589e-1 2.599e-1 3.7468e-1
qeq4 -2.5e-1 5.130e-1 -2.5e-1
qeq5 -4.1365e-1 -6.155e-1 -4.1365e-1
σ00 8e-2 3.8115 6.4282e-2
σ01 8e-3 1.2292 2.2977e-2
σ02 3.3475e-1 3.348e-1 1.7837e-1
σ03 5 3.8865 6.7042
σ04 1.7618e-1 1.6134 1.7618e-1
σ05 2.1098e-1 6.120e-1 2.1098e-1
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Parameter Initial Guess Result from Isolated Joint Result from Coupled Joint
σ10 1e-1 1e-3 1.2118e-1
σ11 9.6706e-3 3.73e-2 2.414e-2
σ12 2.0594e-2 2.06e-2 9.8753e-2
σ13 2e-3 9-4 6.7031e-2
σ14 2.9459e-2 7.5e-3 2.9459e-2
σ15 4.6825e-6 1e-6 4.6825e-6
σ20 1e-3 4.57e-2 3.513e-3
σ21 1.5004e-3 1.32e-2 3.0305e-3
σ22 8.8839e-4 9e-4 9.4327e-3
σ23 7.2352e-2 6.10e-2 6.0302e-2
σ24 8.476e-4 1e-4 8.476e-4
σ25 0.0019215 9.375e-4 0.0019215
vs0 5e-2 2.225e-1 4.2042e-2
vs1 5e-1 1.2545 1.3265e-1
vs2 1.8957e-1 1.896e-1 1.9292e-2
vs3 4.7645e-1 6.872e-1 7.5417e-1
vs4 1.9765e-1 2.645e-1 1.9765e-1
vs5 8.0225e-9 1e-8 8.0225e-9
Fs0 1e-2 5.89e-2 1.4427e-2
Fs1 4.7458e-2 2.39e-2 7.0802e-2
Fs2 5.8533e-3 5.9e-3 7.1487e-2
Fs3 6.4191e-2 7.63e-2 1.0651e-1
Fs4 4.6506e-2 4.6e-3 4.6506e-2
Fs5 6.2877e-2 5.44e-2 6.2877e-2
Fc0 1e-2 3.33e-2 8.2281e-3
Fc1 4.7458e-2 1e-5 3.0103e-2
Fc2 8.4123e-3 8.4e-3 4.4363e-2
Fc3 5e-3 1.3e-3 1.199e-2
Fc4 2.2096e-2 4.4e-3 2.2096e-2
Fc5 2e-2 1.93e-2 2e-2
FrictionBias0 1e-1 na 1.8525
FrictionBias1 1.119 na 1.1186
FrictionBias2 1 na 1.6506
Gearing4To5 1 na 1.01
Gearing5To4 0.2 na 0.20362
I1 33 -5.68e-3 2.84e-2 1.44e-3
m1 1.1639 7.759e-1 1.098
x1 2.779e-2 3.97e-2 3.7962e-2
y1 6.37e-3 4.9e-3 5.117e-3
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Parameter Initial Guess Result from Isolated Joint Result from Coupled Joint
I2 11 1.518e-2 6.9e-3 1.4817e-2
I2 12 -2.22e-5 -1e-6 2e-7
I2 13 -1.29e-3 0 2.4494e-5
I2 22 1.5926e-3 7.2389e-4 1.5916e-3
I2 23 -2.004e-5 -1.8e-8 3.6e-9
I2 33 -1.29e-3 6.5e-3 2.4552e-3
m2 1.972e-1 2.966e-1 3.7559e-1
x2 -2.6e-3 -2e-3 -2.3218e-3
y2 2.2919e-1 1.763e-1 2.0635e-1
z2 2.47e-3 1.9e-3 2.1748e-3
I3 11 -1.86e-4 9.3e-3 8.1086e-3
I3 12 8.462e-8 -4.231e-7 -1.8682e-5
I3 13 -1e-4 0 8.2503e-8
I3 22 2.09e-2 9.5e-3 2.0872e-2
I3 23 -2.403e-7 1.2015e-6 5.7477e-7
I3 33 2.893e-5 2.8993e-5 2.893e-5
m3 6.2087e-1 6.209e-1 6.2087e-1
x3 -2e-3 -2e-3 -2e-3
y3 -2e-3 -2e-3 -2e-3
z3 -1.365e-2 -1.95e-2 -1.3862e-2
I4 11 2.1012e-3 9.5511e-4 2.1006e-3
I4 12 2.22e-5 -1e-6 -2e-7
I4 13 6.562e-7 -3.281e-6 -2.7218e-5
I4 22 1.21e-2 5.5e-3 8.3644e-3
I4 23 7.4934e-5 0 1.8487e-6
I4 33 -1.8951e-4 9.4753e-4 -1.7449e-4
m4 6.79e-2 6.79e-2 6.79e-2
x4 -1.3951e-1 -1.993e-1 -1.4726e-1
y4 -2.6e-3 -2e-3 -1.8605e-3
z4 1.3e-2 1e-2 1.6083e-2
I5 11 4.62e-3 2.1e-3 4.5974e-3
I5 12 -2.022e-5 -1e-7 -2.022e-5
I5 13 2.022e-5 1e-7 1.8053e-5
I5 22 5.079e-5 5.079e-5 5.079e-5
I5 23 2.2009e-5 9.1311e-7 6.9037e-6
I5 33 -3.419e-5 1.7095e-4 1.2204e-4
m5 2.0068e-1 2.007e-1 2.0068e-1
x5 2e-3 2e-3 2e-3
y5 -2.6e-3 -2e-3 -2.5994e-3
z5 -5.04e-2 -5.04e-2 -5.04e-2
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Parameter Initial Guess Result from Isolated Joint Result from Coupled Joint
I6 11 1.1345e-4 1.1345e-4 1.1345e-4
I6 12 1e-7 1e-7 1e-7
I6 13 -1e-7 -1e-7 -1e-7
I6 22 1.9046e-005 5.7137e-5 8.5117e-6
I6 23 -4.2346e-7 -4.2346e-7 -4.2346e-7
I6 33 2.0357e-5 2.0357e-5 2.0357e-5
m6 3.985e-2 2.43e-2 4.9604e-2
x6 2e-3 2e-3 1.9672e-3
y6 4.689e-2 4.69e-2 4.689e-2
z6 -5.3e-4 6.047e-4 -6.3571e-4
I7 11 1.3671e-4 1.0499e-4 1.3671e-4
I7 12 -1.6781e-6 -1e-6 -1.6781e-6
I7 13 -4.8383e-8 -3.54e-8 -4.8383e-8
I7 22 2.7242e-3 9.8447e-5 2.7242e-3
I7 23 -1.9798e-6 -1e-6 -1.9798e-6
I7 33 2.2739e-6 5.9470e-6 2.2739e-6
m7 6.0061e-2 1.96e-2 6.0061e-2
x7 -8.4021e-4 -3e-3 -8.4021e-4
y7 -1.1861e-3 -3e-3 -1.1861e-3
z7 -1.4518e-1 -1.654e-1 -1.4518e-1
Appendix E
Determination of Upper and
Lower Bounds used for
Optimization




where r is the distance measured from the center of mass to the location of dm, m
is the mass of the object.
For ease of calculation for a rough estimation, the mass moment of inertia
relationship of a point mass is used to calculate the error propagated in inertia
parameter.
Assuming a point mass, its mass moment of inertia is:
I = mr2 (E.2)
In Section 4.1.3, a mass error of +/-50 percent and a centroid error of +/-30
percent are specified. The estimated error for inertia parameters can be calculated
as follows:
Errorinertia =





After expansion, simplification and collecting like terms:
















Substituting the above value into E.4, the error in inertia parameters is calculated
to be +/-1.20 or 120 percent.
Appendix F
Test Setup
The main hardware required are outlined in this appendix and a block diagram of
the overall setup is presented in Figure F. More detailed equipment setup
information is documented in [69].
F.1 Freedom 6S Hand Controller
The robot is assembled as outlined by the mechanical assembly manual provided
by MPB Technologies Inc [71]. For the experiment, the configurable base angles
(i.e. the additional DOFs to the 6 motorized joints) are fixed: base angle 1 is set
to 0 degrees and base angle 2 is set to 180 degrees, as read from dial labels on the
device. This is the configuration from which all the testings are done.
An interface panel is attached to the back of the robot and it has ports with cables
connecting to the current amplifier box, the power supply box, and the analog port
of the analog-to-digital card (ADC) mounted inside the PC.
F.2 Power Supply
The power supply unit is the power source to the sensors and motors of the
Freedom 6S. It provides +/-15 V DC for the position sensors and +/-28 V DC at
12 A to actuate the motors. It is connected to the interface panel of the device,
the current amplifier, and power outlet.
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Figure F.1: Equipment setup.
F.3 Current Amplifier
The current amplifier amplifies signals from the PC to motors. It connects to the
digital-to-analog (DAC) card in the PC, the interface panel of the device, and to
the power supply.
F.4 PC
There are two interface cards that facilitate the Freedom 6S software to interact
with the device: an ADC to receive input measurement of sensor data and a DAC
to output current signals to control the motors. Detail specification and
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installation procedures are documented in the MPB user manual [69].
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